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ABSTRACT: Semidilute poor solvent polymer solution is investigated by the method of Ursell-Mayer cluster
expansion. Series and ring-form diagrams are considered for polymers to calculate the osmotic equation of
state of the solution, and this equation is shown to be the same as obtained by Edwards by a different method.
The static structure factor, which is the Fourier transform of the correlation function of the system, is also
calculated in the same approximation; the first term of this factor corresponds to the Jannink-de Gennes
result by the random phase approximation. The osmotic compressibility equation, which connects the osmotic
pressure and the correlation function, is considered to check the consistency of our results and confirm the
validity of the present approximation. Effects of the excluded volume on the equation of state and on the
structure factor are investigated up to the first order of the excluded volume parameter z. It is shown that
the excluded volume does not affect the osmotic equation of state as well as the structure factor in this

approximation,

I. Introduction

We study the semidilute poor solvent polymer solutions
based upon the virial expansion theory.'® The semidilute
region of polymer solution is defined by Edwards* as

nv « % < k7 < (nb?)?/2 (1.1)

where n is the number of monomer units in a polymer, b
is the bond length, N is the number of polymers in solu-
tion, V is the volume of the system, v is the excluded
volume defined for binary interaction between monomer
pairs, and «, is the inverse of the screening length defined

by
12noN Y2
Ko = ( Y ) (1.2)

The region defined by eq 1.1 is the same as the semidilute
tricritical region (region III in their paper) defined by
Daoud and Jannink.’ In this region, we do not have to rely
on the renormalization group (RG) calculations based on
the field-theoretic formalism, which is very useful in the
theory of good solvent solutions.

The osmotic equation of state in this region was first
obtained by Edwards;? the equation includes the
“Debye—Hiickel” term, which represents the fact that the
interactions between polymers are screened by the exist-
ence of other polymers. Nevertheless, this equation differs
completely from that derived by Daoud and Jannink® by
means of scaling arguments. Moore® pointed out this
discrepancy and explained that the expression given by
Edwards is valid provided that the ternary cluster integral
is very small. Furthermore, in the case when the ternary
cluster integral (v,) was assumed to be neglected, Moore
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obtained the Edwards’ “Debye-Hickel” term as a cor-
rection to the virial expansion of the osmotic pressure by
means of the RG calculation.

In section II, the Saitd theory for solutions, developed
by using “grand” canonical ensemble, is first outlined; then
it is shown, in the same case where v, = 0, that this osmotic
equation of state is also obtained by summing series and
ring-form diagrams, each of which has a single intermo-
lecular interaction between two polymers (see Figure 1)
in the formalism of grand partition function.

In the present paper the effect of the ternary interac-
tions, which becomes important to investigate solution
properties of polymers at O-temperature, is neglected. The
effect of these three-body terms on the solution properties
of semidilute polymer solution will be discussed in our
forthcoming paper.

The structure factor for semidilute polymer solution was
first obtained by Jannink and de Gennes’ using a random
phase approximation (RPA), and it was compared with
experiments after certain renormalization in small-angle
neutron scattering (SANS) by Daoud et al® and in
small-angle X-ray scattering (SAXS) by Okano et al.? In
section III, we calculate the structure factor of the solution
by summing diagrams like those given in Figure 1 and
show that when the contribution from the ring-form dia-
grams (Figure 1b) to the structure factor is small compared
with that from the series diagrams (Figure 1a) we have the
Jannink-de Gennes result.’

Recently, des Cloizeaux'® presented a systematic way
to calculate the osmotic pressure and the density corre-
lation function of the semidilute poor solvent solution
following grand canonical ensemble formalism in poly-
disperse systems. The basic idea of his paper is similar
to ours and his result for the osmotic pressure including
the effect of one-loop diagrams corresponds to Moore’s
results and ours; moreover, the density correlation function
that des Cloizeaux obtained corresponds to the first term
of our correlation function, which is given by taking ac-
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Figure 1. (a) A series diagram and (b) a ring-form diagram.

count of series-connected diagrams as shown in section IIL

In section IV, the osmotic compressibility equation,
which gives a connection between the osmotic pressure and
the correlation function of the solution, is considered to
confirm the consistency between the results obtained in
sections II and III; the contribution from the “Debye-
Hiickel” term to the osmotic equation of state corresponds
to that from the ring-form diagrams to the correlation
function.

In section V, based upon the McMillan-Mayer theory
in grand canonical formalism, the effects of the intramo-
lecular interactions on the osmotic equation of state as well
as on the static structure factor are examined by assuming
that the same binary interactions can be adopted also for
the intramolecular interactions.

Finally, the validity of the assumptions adopted in
sections II and III is discussed in section VI.

II. Osmotic Equation of State

1. Osmotic Pressure of Polymer Solutions in
“Grand” Canonical Ensemble. The virial expansion of
the osmotic pressure can be derived by the method of
grand partition function by McMillan and Mayer!? or by
the method of semi-grand partition function by Saitd.?
The latter theory has the advantage of having a structure
quite similar to the theory of imperfect gases in canonical
ensemble, and the present paper will be developed by
following this method; thus a brief introduction to this
theory is in order.

When we consider the osmotic pressure of solutions, the
ensemble, called the semi-grand canonical ensemble,! in
which the chemical potential of the solvent, u,, is held
constant, may be preferable to the usual canonical en-
semble since the number of the solvent molecules, N,
changes by passing through a membrane separating solvent
and solute phases. Let us consider solutions of one solute
species. The partition function, Zy(T,V,u,), of the
semi-grand canonical ensemble is related to the partition
function, Zy(T,V,N;) of the canonical ensemble by

ZN(T,\Vipg) = %ZN(T, V,.No)AgMe (IL1)

where Ay, = exp(uo/kgT) is the absolute activity of the
solvent. The thermodynamic function defined by ¥ =
—-kgT In Zy has the following properties:

— 1ol (IL2)
dF =-SdT-pdV-Nodu+udN  (IL3)

aF dln Zy
= —(W)T,M = kBT( 3V Jpn (11.4)

where S, p, and F = —kgT In Zy, are entropy, pressure, and
Helmholtz free energy, respectively. On the other hand,
the osmotic pressure, 7, is defined as the pressure dif-
ference between solute and solvent phases which have the
same solvent chemical potential:

31n Z*(T,V,
m=%d wH M) (IL5)
aV Toue.N
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where
ZN*(T,V,F"O) = ZN(Trvﬂ"O)/ZO(T:V’uO) (II'S)
This Zx*(T,V,uy) is to be compared with the partition

function Zy{(T,V) in a canonical ensemble which is usually
used in the theory of imperfect gases and is given by

E
ZW(T,V) = NWN o fex p[ EM dry aL7)

where h is Planck’s constant, f is the number of degrees
of freedom of a solute molecule, E(N) is the total energy
of N molecules, and dry is the volume element of the phase
space of N molecules.

Now let us define a new function, Q(N), by

1 am ) _
N P\ T ) T
At -
{mef - Joun{ -2 )d /
E(Ny
{NN‘hfoNof fexp( : )dTNo (11.8)
oLVl

In general, the total energy E(Ny,N) can be expressed as
a sum of potential energy U/ (Ny,N) and kinetic energy
T(Ng,N); the latter is a sum of kinetic energies of individual
molecules. Then

E(Ng,N) = U(No,N) + T(Ny) + T(N)  (11.9)
Thus, Q(N) can be written
QWN) = UNN) + T(N)
where U(N) is defined by

U(N) Ao
e"p(' kaT ) = { o NovhfoNof f

T(N,) + U’(NOJV)
expf - kol dTN0

Ao T(No) + U(N,)
{NoNo'hfoNof f ex ( keT )d”%}

(IL.11)

The function U(N) has the following properties:
(1) U(N) is a function of the configurational coordinates
of solute molecules only.
(2) U(N) = 0 in the case N = 0.
(3) If we denote by grad, the differentiation with respect
to the configurational coordinates of solute molecules, we
have

—grad, U(N) =

No
NN)\'(;zfoN f f {-grad, U'(No,N)} X
0 dVo!

T(Ny) + UANy,N)
expl - kT d7n,

Ao T(Ny) + U'(No,N)
{NoNo‘hfoN"f fex ( BT ) dTNo}

(11.12)
This means that U(XN) is the average potential, i.e., the

(I1.10)
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potential of mean force among N molecules in a solution
of given solvent activity.
(4) Zy* is given by

C(T)N
O - Jexe( -2

where C(T) comes from the kinetic energy part of Zy* and
d{N} is the volume element in configuration space.

We may include a constant term in U(N) so as to have
the property

lim — f f Fy1,2,..N) diN} =1 (IL14)

Vo

) d{N} (I1.13)

where
Fn(1,2,....N) = exp(-U(N) /kgT) (I1.15)

This constant term to be added to the original U(XN)
contributes a constant factor to Zy*, but it has nothing
to do with the calculation of the osmotic pressure. Hence,
we can omit it.

Define successively g functions as follows:

Fy12,..,N)= T Hg,. (fnh)

(N=Xmn) i=1

(IL.16)

where (N = Y_m;n;) means that N molecules are divided
into several groups among which a group with supscript
i has n; molecules; further, there are m; groups, each of
which has n; molecules and contributes a factor g,. The
summation means the sum over all the ways of division
of N molecules into such groups as mentioned above. We
introduce the cluster integrals by

= f o [ nlmh dimi

Then Zy* is expressed by
v N
thN (N=Xm;n;) Hm '(n ')

(IL17)

Zy* = H(Vn,‘b ) (I1.18)

where the factor N1/IL;m;!(n;))™ is the number of terms
which give the same integral [1;(Vn;!b,)™.

This function, if the summation with respect to N is
taken, yields the “grand” partition function related to
osmotic pressure (of course, it is different from the usual
grand canonical partition function related to pressure):

m;
TN N BN N=Emm [Im
13

exp(2Vb,z") (I1.19)

where 2’ = C(T)\/h/ is the fugacity. Again the osmotic
pressure m,, is given by

kgT
T = In & = kgT2 b,z"" (I1.20)
Equation I1.20 with the condition
p=(N)/V =23nbz" (I1.21)
n
yields
- e m nlZ oW
Tos kBTp[l mZﬂm T 1Pme ] ksTp + kT — 3V
(I1.22)

where kg is the Boltzmann constant, T is the absolute
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temperature, and p is the average density of solution; W
is the contribution to the free energy of the system from
intramolecular and intermolecular interactions between
monomers of polymers

W=% V3,0t (I1.23)

1m+1

This equation may be called the osmotic equation of state
and is identical with that obtained for the pressure of an
imperfect gas except that here the irreducible integrals,
B.’s, are functionals of the potentials of average force
between solute molecules only and the presence of the
solvent appears only implicitly as the potentials of average
force of the solute molecules are influenced by the presence
of the solvent. Further, we assume that these potentials
of average force can be expanded by Mayer’s f functions;
that is, we assume binary interactions to act between pairs
of monomeric units.

For polymer solutions, the potential energy U(N) is
expressed as a sum of potential energies of “short-range”
interactions, Ug, and of “long-range” interactions, Ui,
where the “distance” is defined along a contour length of
a chain. The “short-range” interaction means the near-
est-neighbor intrachain interaction between monomers of
a polymer molecule and the function Ug leads to the dis-
tribution function P defined in eq I1.27. The “long-range”
interaction means the interaction between “distant” mo-
nomers, and, if U}, can be assumed to be a sum of poten-
tials of binary interactions, we can expand the factor
exp(-UL/kgT) by the product of f functions.

The irreducible integral 3,, is then given by

1
6m = me+1(an>c,m+1 =
ﬁv f ~--f2‘”HfP({m + 1)) dim + 1} (11.24)

where f’s are Mayer’s f functions for intramolecular and
intermolecular pairs of monomers and 3_® means that the
summation is taken over all possible irreducible diagrams
composed of m + 1 polymers. The average (...).+; stands
for the cumulant average, and the ordinary average (...} 41
for m + 1 polymers defined by

1

Ay = 7o f _f AP(im + 1)) dim + 1} (11.25)
where

m+1 = Q)..0m+ 1) (11.26a)

dim + 1) = d(1)..d(m + 1) (11.26b)

and () denotes all the coordinates of the monomeric units
of the ath polymer and the distribution function P is as-
sumed to be the product of the Gaussian function

Pm + 1) =
mtin1f 3 )32
] ﬁ exp[-3|r, ¥ — r;1, @2 /2% (I1.27)
a=1 i=1\ 271

where r; denotes the coordinates of the ith unit of the
ath polymer. Hereafter, to make the calculation possible
we assume that the f function is given by the Dirac §
function:

flr) = (-v)é(r) (11.28)

where |v] is small in poor solvent.

To calculate the cumulant average in eq I1.24, we must
rewrite it in terms of the ordinary averages defined by eq
I1.25. It is easy to show that cumulant averages of dis-
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(2)

Figure 2. An irreducible series-connected diagram.

connected clusters consisting of intermolecular f functions
can be neglected. For example, if f(I) and f(II) are sta-
tistically independent, i.e., (f(Df(ID) )4 = (f(I))o{f(I)),, we
have

(f(Df(D))eq = 0

where each of I and II stands for the difference of the
position vectors of monomers belonging to different
molecules. However, if they are statistically dependent
like they are in a ring-form diagram (see Figure 1b), we
get

(FDfAD Yoz = (ADFUAD),

in the limit of V — «, gince the product of the ordinary
averages of intermolecular f functions can be neglected in
this limit. On the other hand, if one of the f functions in
eq I1.29 is an intramolecular f function, f,, we can estimate
roughly that the averages, (fof)2 and {fy)1{f)2 have the
same order with respect to V. Note that the product of
the ordinary averages of intramolecular f functions cannot
be neglected even in the limit of V — «, Therefore, we
must calculate explicitly cumulant averages of intramo-
lecular f functions;!? the cumulant expansion of the
product of ordinary averages of intermolecular and in-
tramolecular f functions is considered precisely in section
V where the self-interaction effect of a molecule on the
osmotic pressure is investigated.

2. Calculation of the Osmotic Pressure in “Grand”
Canonical Ensemble. According to the Saitd theory
developed in the previous subsection, the irreducible in-
tegral 3,, defined by eq I1.24 has to be calculated to obtain
the osmotic pressure of solutions. Let us first consider the
case where the effect of the intramolecular interactions is
neglected. Although it is possible to consider many con-
nected series diagrams like that shown in Figure 1a, the
diagram shown in Figure 2 is a unique irreducible diagram;
other types of diagrams like trees which are reducible do
not contribute to W, the free energy of the system. The
integral B3, calculated for this diagram is given by

= S [ £ 150 - e, MP(D,@) 4V d@) (1130

lzJ 1

(I1.29)

Making use of the Fourier series expansion of the Gaussian
function included in P((1),(2))

( 3 )3/2 - _3Il'.'“)—!'i+1“)|2 _
27b? 2b?

2
%,Zexp[iq(ri(” - riM] exp[ - %qz] (I1.31)
q

and definition of the f function (eq 11.28), we obtain
By=(v)X1=-nP (11.32)

in1

Therefore, W,,;.s, the contribution from the series dia-
grams to the free energy of the system, is given by

Weeries = 12VB10% = —Yon?vVp? (11.33)
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Then, let us consider the ring-form diagrams like those
shown in Figure 1b. The integral 8,,_;, calculated for the
ring-form irreducible diagram composed of m polymers,
is

m-1! 1
b= 7 a2 J S d-dom)

3/2
e, ® = 2, @) f (e, ™ - x ‘”){ﬁ( 21rb2) X

hM-rﬂmF
ex X
P 21rb2
3|1' ™ -, +1(m)|2
exp

—‘7(-0)"‘2100(11)}’" (I1.34)
q

where a(q) is the intramolecular structure factor Gy(q,n),
i.e., the structure factor of a single molecule

2
q0(@) = Golq,n) = Zexp[ - %U - i|q2] (11.35)
ij

and for the wave range, (nb?/6)! « ¢? « b7%, it is given
approximately by
ao(q) = 12n/b%¢? (11.36)

Substituting eq I1.34 into eq I1.23, we have Wy, the
contribution from the ring-form dxagrams to the free en-
ergy of the system,

Wiing = 2:3 1 "‘”( (—v)"‘“Z{ao(q)}’"“)
%é p™(-v)™ag(@))™ =

5%[—111 {1 + pvas(@)} + pvay(q)] (11.37)

where use is made of the equality

i l(_l)m—lxm

m=1

In(1+x)= (I1.38)

Furthermore, replacing the sum by the integral with re-
spect to q, we obtain

2
) S IV A
rmg f(21r)3[ ln(l + q ) q2 ] 127I'K0
(11.39)

where g = |q| and « is the inverse of the screening length
defined by eq I1.2.
From eq I1.33 and eq I1.39 we obtain

vV (1200 V2
W= Wseries + Wring V ’+ ( P)

127\ b2
(I1.40)

Substituting eq I1.40 into eq 11.22, we finally obtain the
osmotic pressure in the present approximation for poly-
mers

2 1/2 3/2
Ty = kBTp[l + Pz_vp _ 3_(’:2’) pl/2]

The third term is of a Debye—-Hiickel form; that is, the
interaction between polymers is screened by the presence

(I1.41)
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of other polymers. To see this screening effect by the
presence of other molecules more closely we calculate the
effective f function in Appendix A.

The expression I1.41 corresponds to Edwards’ result
except for the discrepancy between our third term and his
third term. As Moore pointed out® we also think that this
discrepancy is due to a trivial error in the calculation going
from eq 3.16 to eq 3.17 in Edwards’ paper.*

des Cloizeaux calculated the osmotic pressure by con-
sidering irreducible diagrams to one-loop order in a poly-
disperse system and obtained the same expression as eq
I1.41 in the case of a monodisperse system. The feature
of his method is similar to that of our theory in the present
section except the point that in des Cloizeaux’s theory the
elimination of the short-range divergences is inevitable
when replacing the sums with respect to monomers by the
integral; on the other hand, in our calculation the con-
tribution from a diagram to the free energy of the system
is obtained by actually summing monomeric units of the
diagram and there is no difficulty of divergence in the
calculation (see also section V).

II1. Static Structure Factor

In this section, we first calculate the molecular distri-
bution function g,(r,r’) of the polymer solution based on
the “grand” canonical ensemble formalism considered in
the previous subsection. The calculation method of the
function is quite similar to that of the radial distribution
function of imperfect gases based on the grand canonical
ensemble formalism except for the fact that we consider
here the potential of the average forces acting on solute
molecules only instead of the actual potential of forces
acting on gas molecules.

1. Molecular Distribution Function g,(r,r’). Sup-
pose that there is a region (volume V) in solution which
includes N molecules; the molecular density p(r) at point
r in this region is defined as

1 N n
p(r) = " > X -1 (IIL.1)

a=1 =1

where n is the number of monomeric units per molecule

and
N = f p(x) dr

Since the number (V) of molecules changes in the grand
canonical ensemble treatment, we may define the average
density of the molecules

(p(r)) =(N)/V =0p

Because of molecular interactions, the distribution of
molecules is not completely random, and the molecular
distribution function is defined by the density—density
correlation function of the system

(111.2)

(IT1.3)

{p(r)p(r))) = é(zﬁ 2é(r - r*)é(r' - r;P)) =
o 17
0%gq(r,r’) (II1.4)

where summation is taken for all values of @ and 8 (1 <
a, 8 < N) except for the cases where both of the conditions
a = 8 and i = j are satisfied; since a polymer molecule has
a structure (i.e., many monomeric units are connected to
build up a molecule), we have to sum up also the cases
where o = 3 unless th condition ¢ = j is satisfied.

The Fourier transform of the correlation function gives
the static structure factor of the system, which can be
measured by experimental methods such as light, neutron,
and X-ray scattering.

Macromolecules, Vol. 17, No. 3, 1984

Figure 3. Correlation functions ¢(r,r’) and c(r,r’).

g f f t t H
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f
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f tﬁ)
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Figure 4. First iteration terms of correlation functions ¢(r,r’)
and c(r,r").

By making use of the f-function expansion, we can
rewrite eq III.4 in the form of a fugacity expansion

1 1 U
2 Zé(r - r)é(r - r,P)P(NY) diN) =

af ij

1 1
eV T T [+ ZIfsce -

af
r@)5(e - £ #)P(NY) diN} (IILS)

We here make use of the topological reduction method of
Stell!? to obtain the function g,(r,r’) as a power series of
the average density p from the fugacity expansions (eq
II1.5). To make the calculation more tractable let us use
again the ring-form approximation in performing the
calculation. Although the ring-form approximation is
much simpler than the more general hypernetted chain
approximation which Stell and other workers discussed,
the former may be sufficient for the present purpose to
obtain the g,(r,¥’) function in poor solvent. Let us define
another correlation function hy(r,r’) which is related to
&(r,r’) by

hy(r,¥) = go(r,yr’) - 1 (I11.6)

where h,(r,r), if multiplied by p? is well-known as a Mayer
cluster function; h,(r,r’) consists of two parts

hy(x,x’) = t(x,¥) + c(r,r) (IIL1.7)

where c¢(r,x’) is the Ornstein—Zernike direct correlation
function. The functions t(r,r’) and c(r,r’) are given by the
iterative method shown in Figure 3, where black circles
stand for p and white circles stand for 1-circle labeled by
r and r’; for the first iteration terms in the ring-form
approximation they are expressed in diagrams as shown
in Figure 4. In the case of polymer solution each term
a—e in Figure 4 should be modified to express intermole-
cular interactions between polymers; then, the diagrams
contributing to the functions ¢t and ¢ are given in
Figures 5 and 6, respectively.

We have to consider two different types of diagrams for
t(; that is, one in which white circles are located on dif-
ferent molecules (Figure 5a) and another in which white
circles are located on the same molecule (Figure 5b). As
we do not consider the effect of the intramolecular in-
teractions in the present section, the necessary diagrams
to be considered to calculate ¢ are expressed in Figure
6; cases ¢, d, and e correspond to the diagrams c, d, and
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Figure 5. Diagrams contributing to the t® function: (a) se-
ries-connected diagrams; (b) ring-form diagrams.
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Figure 6. Diagrams contributing to the ¢ function: (c) a
series-connected diagram; (d and e) ring-form diagrams.
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Figure 7. (a) A diagram which gives the structure factor of a
single molecule and (b) a ring-form diagram which gives the first
term (i.e., [ = 0 term) of the expansion in eq III.15.

e in Figure 4, respectively. Moreover, we have to consider
the following terms, shown in Figure 7, especially for the
case of polymer solutions, which do not appear in the
theory of imperfect gases.

For example, the contribution to the hy(r,r’) function
from the diagram shown in Figure 5a.1 is given explicitly
as

1 3! 1 Afwb
225 oL £ T fdire dirY) dietier, -
i s it

r,a)f(l‘;,, r;)o(r — r)8(r’ - r;)P((a),(1),(b)) (IIL.8)

where the coefficient (3!/2)(2) gives the number of ways
of arranging three molecules (named a, 1, and b) in series
and deciding molecules on which the points r and »’ should
be located. By making use of the Fourier series expansion
of the Gaussian function P((a),(1),(b)) in volume V (i.e.,
eq I1.27) and the definition of the f function, eq I1.28, we
obtain

(—v)2

S Ze“"""“’{ao(q)}3 (I11.9)

In general, the contnbutlon to the h, function from the

higher order terms of the series diagram connected by m

+ 1 f fynctions as shown in Figure 8 is then just

(o)™ 1

P Le N g (g2
Vq

(form =2 1) (II1.10)

n
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Figure 8. A connected series diagram where o = 8.
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Figure 9. A ring-form diagram including ! + 2 molecules where
a = .

The diagram shown in Figure 6¢ corresponds to the m =
0 case in the expansion of series diagrams (Figure 5a); the
contribution from this diagram to ho(r,r’) is, therefore,
given by simply taking m = 0 in eq III.10.

The contribution to h,(r,r’) from all series-connected
diagrams, i.e., Figures 5a and 6c, is given by

L SXeen T (o) gmiag(q)jtt =
2V q m=0

n
1 1. . (~v)lag(@)?

_ _Ze-lq(r-r')
n? V4 1 + vpay(q)

The diagram shown in Figure 7a gives the intramolecular
structure factor of a single molecule; in the theory of im-
perfect gases, this term corresponds to the perfect gas term
without interactions. The contribution to hy(r,r’) from this
diagram is

(I11.11)

111
. I Y piqe-r)
nz Ze iq(r-r a (q)
which gives a term proportlonal to p in the expression of
the density-density correlation function (p(r)p(r’)).
Adding eq I11.12 to eq II1.11, we obtain the contribution
to hy(r,r’) from all connected series diagrams:

(I11.12)

11 -lag(@P 1
- = ~iqe-r) | —— - =
Ve [ 1 + vpay(a) pa°(q)]
_}_ _1_ et r-r’) a._O(q)_
S V=TT vpagt L1

and if ay(q) = 12n/(b2 2) (eq I1.36), eq IIL.13 is given by
a function of the screened-coulomb type

~role-r’|
A2 ls w1 3 (ITL14)
nb? V' q?+ k2 wnbip -V
Furthermore, we have to consider also the contribution
from ring-form diagrams like those shown in Figure 6d,e.
One may consider a general term of the connected ring-
form term including ! + 2 polymers which is shown in
Figure 9; the calculation of the contribution to he(r,r) from
this diagram yields

@+ ot (-v)i?
2 1+2 l(l + 2)‘ n2
%mZ_o:ZqZ e =g o(q')™aolq”)} ™(Bla'a")
(I11.15)
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9 a’/ a-a% a'
' i i

bk PR F: o
(a) (b) (¢)
Figure 10. Diagrams contributing to B(q’,q").

where the coefficient [(I + 1)!/2] 4,C, gives the number
of ways of arranging ! + 2 molecules in a circular form and
deciding a molecule on which the point r should be located;
the case where [ is équal to 0 corresponds to the diagram
shown in Figure 7b, and B(q’,q”’) consists of three terms,
each of which corresponds to each of the three cases in
Figure 10 (first term from (a), second term from (b), and
third term from (c))

-l Ja—i
b2 "2 b2 2 +
6 1 6 1 ]

B@gq')=2 X eXD[-

i,<i<j,
s —1 -1
2 Z exp[— 2 bZ(q/ _ q//)z _ J2 2b2q/2] +
i<i;<j, 6 6
- l -7
2 3 exp| -2 2prqr - Lprqr - g2 | iL16)
1y<JaSi 6 6

On the other hand, by taking the sum of eq II1.15 with
respect to [, we can obtain the contribution from all the
connected ring-form diagrams of Figure 9 type:

142 1A% 152 N+1
Lo 00 1o el ® @ - @)
n?i=o 2 Viqgq ao(q”) - ag(q)
{B(q',q")}* =
7 /Y12
L L oo iq-aremn_y)? {B(q’,a")}
n? 2V2g q”’ 1+ Upao((I’)][l + Upao(Q”)]
(I11.17)
The value of B(q’,q”) is obtained approximately
/7 + 124 +
Blgq) = 20 20 _,@rate gy
aa” ca a’e aa’c
where
a’ = b2q?/6 (IT1.19a)
a” = bq"?/6 (I11.19b)
c = b¥q - q")?/6 (I11.19¢)
Furthermore, if we may assume that
a’'+a”’"+c=2c
we obtain
1
B(¢'\q v = S@al@)  (11.20)

Substituting eq I1.20 into eq II1.17, we obtain approxi-
mately the expression of this contribution as follows:

9 [ 1-ewlerr )
272n2p?\_ bir — v’

(I11.21)
where use is made of the relation
1o . fag(q)}? 12n \* 1 - emdrrl
—3 e talrr )——-— —_ (IIL.22
Va 1 + vpay(q) b2 drx?r - r'| ( )

Expression II1.21 also includes a function of the
screened-coulomb type but it is not dominant to eq II1.14
since, if the appropriate range

Kol - | S 1
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(o)
Figure 11. A ring-form diagram including ! + 1 molecules where

a =4

is taken into account, the ratio of eq II1.21 to eq IIL.14 is
small:

3 |r-vr| 3 [r-r]

2
9 PR
27 nb? p

<2 <1 an
o bty 2 ot L2

We may consider, furthermore, the contribution to h,-
(r,r’) from another connected ring-form diagram where
both of the points r and r’ (small circles) are located on
the same molecule as shown in Figure 11, representing a
higher order term of the diagram (b.2) of Figure 5; this
yields a correlation function which is related to the in-
tramolecular structure factor of a single molecule. The
calculation of the contribution to hy(r,r’) from such a
diagram consisting of [ + 1 molecules yields

R S Y
A+ p2° 2
1+1C1 (—v)“‘1 ZZe“q "ay(q)He "D, (q',q") +

Dy(q’,q”)} (I11.24)

where the coefficient ({!/2) ,,C; gives the number of ways
of arranging | + 1 molecules in a circular form and deciding
a molecule on which the points r and r’ should be located
and

Diqa) =2 X exp[—h6 b2 '2_%1,2 " _

i\<i<jsj,

i<i1<j1<j 6

i-i ji-i
5 1b2q/2] + 92 Z exp[_ 1b2(q” _ q/)2 -

1~ b2 "2 _ b2(qu —q)?
6
..jl 2f e’ N2 —i 2712
2 2. exp|- b*q” - q')* - b*q"* -
1\ <i<), <) 6 6
i-i i, i
gz |42 = exp| -2—b2%q2 - Lp2q? -
6 i<i <j<), 6

‘6_ ‘b2 - q’)Z] (I1L.25)

ileq/2 +
6
J1- J-

b"’ 2 - —b2 ”2] (I11.26)

and

Dya'q) =2 X exp[—J—b"’ n_l

i<y Si<j

2 2 exp

i<j=iy<j,

are given by sums of contributions from each case of the
diagrams shown in Figure 12 (diagrams a—d define D,(q,q")
and diagrams e and f define D,(q,q’)). If the appropriate
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qdq q-qia’d-q a9 q'q-q
JE EN T ——t—l —_ b
Wi iy gy ) ol
(a) (b) (c)
q-dq’a a9, q qa)
PR G T, W — e OO O el
TR AT iy i [T
(d) (e) (f)

Figure 12, Diagrams contributing to D,(q’,q"’) and Dy(q’,q").

range of q’ and q” is taken into account, one may obtain
approximately

n n 2n oanf 1 1)?
D@’y = 2( Yot '—) - "(‘ ¥ z)

(I11.27)

n? n? 2n?
'a”) = +— ) == (IlL
Dz(q | ) = 2( %2aa” 2(1”(1') aa” (I11.28)
A comparison between eq II11.27 and I11.28 yields the fact
that Dy(q’,q”) is dominant over D:(q’,q"):
, , 2nfa’+ ¢
iq/(r-r') ’a’’) ~ gidr-r)_
e Di(q',q") = e a,,( P

2
) &« Dy(q',q") =

2
2" 111.99)
aa

g 17

Substituting D,(q’,q") = a¢(q)ae(a”)/2 into eq 111.24 and
taking a sum with respect to [ ({ = 1), we obtain approx-
imately

l. ® (—v)’*l 1

ni’zzlpl—1 2 _V;Z,z,;e_iq”(n'){ao((l')}l Yeao(q')ag(q”) =
= qq
1 1 . fupay(q))?
e —-iq -y " "y =
n2p? 4V2§§e T+ vpag@) )
1 Kk 1

gt 2V EE a0 (IL30)
: q

where use is made of the relation
1. fea@f &
Val+uvpaylq) 4r
Expression 111.30 is similar to eq II1.12, a part of the first
term of the expansion, in its r — ¥’ dependence. We may

neglect eq I11.30 since the ratio of eq IT[.30 to eq I11.12 is
small:

(I11.31)

3

Ko 1
—— < —
167 P 167 «1

From eq II1.21, the contribution from ring-form diagrams
can then be obtained as

9 [1-ewrn)
27n2p?\ bir - r/|

Finally, the contribution to the correlation function
hy(r,r’) from connected series diagrams (eq II1.14) and that
from connected ring-form diagrams (eq I11.32) is obtained:

2
—— — omtolrr]
hy(er) = 3 e 4 9 1-e™
wnb?p | - | 2x%n2p2\ b3r - r/|
(111.33)

The density-density correlation function go(r,r) is given

(I11.32)
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by eq II1.6, and for large separation, |r - ¥'| — «
ho(e,¥) =0,  golr-r)—1
2. Static Structure Factor. The static structure

factor, S(q), of the present system is the Fourier transform
of the density-density correlation function:

S@) = fevgyr) -1 dr = [ ehy(r) dr

where hy(r - ¥’) = hy(r,r’). Substituting eq I11.33 into eq
I11.34, we obtain

S(Q) = Ssen'es(q) + Sting(q) =

~xg? okt 2
f gard _3_ €9 (1 ¢ ) dr (IIL35)
anb%p T 272n?p? r

where S,.;i..(@) is the contribution to S(q) from the series
diagrams

(I11.34)

1 ao(q)

—_——— 111.36
n?p 1+ vpay(q) ( )

Sseries(q) =
The contribution to S(q) from the ring-form diagram,
Siing(@), is given by eq IIL17:
Sring(q) =

ﬁr eiq-r 1 zze—i(q’—q”)-r(_v)Z_l— X
VG T 1+ vpao(q)

01 1 N
2n? Vo'l + vpag(q”)

{B(a” + q, q")}* (IIL.37)

{B@',q")}? =

1
1 + vpay(q + q”)

1
1 + vpay(q”)

Then we obtain

1 ao(q)
S(q) = — —mm8¥——
@ n?p 1+ vpay(q) ]
(-v)? 1 1 1 '
ey B /’ /' + 2
o9n? Vgl + vpay(q) 1+ vpay(q + ) (q, ¢’ + q)}
(111.38)
and if (nb?/6)! « q? « b2, we have
1 K()2
S =
(q) n2p20 q2 + K02
1o e  @+aq¥

;B ¢ + @F
(II1.39)
If the second term can be neglected with respect to the first
term in eq IIL.39, we obtain
12 1

S(q) = —
(q) nb2p q2 + K02

2 Vag?+x? (a+ q) + 4

(IT1.40)

Jannink and de Gennes” have obtained eq II1.40 by ran-
dom phase approximation; des Cloizeaux obtained a result
similar to that of eq II1.40 by zero-loop approximation.
This Lorentzian form is also shown to be in good agree-
ment with experiment.2® In the derivation of the second
term of eq 1I1.39 in the structure factor we assumed that
a’+ a’” = ¢, which means that two variables, q and ¢/, are
orthogohal; otherwise, a correction term must be intro-
duced in the expression of the second term, the determi-
nation of which required further experimental studies and
calculations.

In section IV, we will not make use of this approximate
expression, but use is made of the original expression of
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S(q), i.e., eq I11.38. Consequently, the discussion in the
following section is exact.

IV. Osmotic Compressibility Equation

In'the theory of fluids it is known that the correlation
function g,(r) is related to the compressibility of the system
by the compressibility equation

o f lgalr) - 1) dr = pirkyT - 1 (IV.1)

where «r is the isothermal compressibility defined by the

pressure of the system:
dp
i(2) v
p\dp /

By making use of the Mayer cluster expansion method
we have obtained the osmotic pressure in section II and
the static structure factor in section III. In this section
let us check the validity of these results by eq IV.1; then,
k7 stands for the osmotic compressibility of the polymer
solution. The expression of the osmotic pressure in the
grand canonical ensemble was obtained in eq II.41 and,
when differentiated with respect to density p, it gives

o, 3313 (v \*?
RN + vn2p — vn 1/2
( % ) kBT[l vn’p o b2 p

(Iv.3)

Kp =

Then the right-hand side of eq IV.1 is

3(31/2 3/2 -1
pkrkpgT -1 =1 1+ vn% - ) o pt/? -1
2w b2

and it is given approximately for nvp « 1 as

3313 [ yn Y¥?
—Un2p+ o ﬁ p1/2

(IV.4a)

and for n%vp > 1 as

1/2 -1/2
<n2p>-1[v—1+3(§,, ) (nvb)3 P'“] (IV-4b)

The left-hand side of eq IV.1 is given by the static structure
factor, S(q),atq = 0

o f lga(e) - 1] dr = pS(@ = 0) (IV.5)

The structure factor S(q) includes the single-molecule term
whose contribution to S(q) was calculated by considering
the diagram shown in Figure 7a; this term corresponds to
the van't Hoff term (i.e., the term, pkgT, on the right-hand
side of eq II.41) in the virial expansion of the osmotic
pressure; then, this should be excluded from the factor S(q)
if one wants to compare the result with that of osmotic
pressure by eq IV.1. So, let us define a factor S*(q) which
is given by simply subtracting eq II1.12 from eq II1.38; we
have

_ 1 ofal@¥
S*a) = n? 1+ vpay(q)
(-v)? 1 1 1

2n? ‘_/'qr 1+ vpay(q’) 1+ vpag(q + q)

(B(d, @' + @)}
(Iv.e)

Then the left-hand side of eq IV.1 is rewritten as
o fle*@-11dr=pS*@=0) (V.7
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where the single-molecule term is also subtracted in the
expression of a correlation function g*,(r). From eq IV.6,
we obtain

(-v)pn?  (-v)% 1 Baq) |
pS*(q = 0) = : :
1 + vpn? o2n? Vg {1 + vpay(q)

(Iv.8)

where use is made of the definition (eq I1.35) of a,(q) at
q=0

ay(q =0) = Zl =n? av.9)
ij

Note that to obtain pS(q = 0) we must not simply use in
eq I11.38 the expression ay(g) = 12n/(b%q?, which is valid
only between the limited range of q, i.e., (nb%/6)! « ¢*
« b2 Tt is easily seen from the definition (III.16) that

B(q',q) =22 & exp[—-]2 ; lzbzq’z] = nay(q) (IV.10)

L i<y

Then the left-hand side of eq IV.1 turns out to be

— 2 / 2
O S U S o
1+vpn? 2 Vg {1+ vpayq)
(-v)pn?
1 + vpn?
20} 1 . 33 [ no 22
—_ ——— o~ + piied 1/2
( b? )p167rx0 (oI 27 b? P

(IV.11)
which is identical with eq IV.4a and where use is made of

the relation
1 vas@ * (1200 \? 1
z 1+vpao(q)} - b2 87k (IV.12)

Ve

Even though we have used a simpler approximation than
the general HNC approximation to obtain the osmotic
pressure of solution and the correlation function of the
system, we find that these two results satisfy the com-
pressibility equation and are, therefore, consistent with
each other; the third term of the osmotic pressure (the
“Debye-Hiickel” term in eq I1.41) given by the ring-form
diagram corresponds to the third term of the correlation
function (last term of the screened-coulomb type in eq
[11.33).

On the other hand, Moore® obtained the structure factor
S(q) of semidilute polymer solution by a renormalization
group calculation and, in the limit of g — 0, if a trivial error
made in his eq 2.23 is corrected, it was shown that in three
dimensions

3 31/2 -1/2
(27r ) (_Uzzb)s_p—l/z (IV13)

which is consistent with eq IV.4b. Which relation holds
for semidilute solution, n%vp > 1 or nvp « 1, cannot be
answered from the Edwards definitions of semidilute so-
lution. In other words, either relation is valid for appro-
priate ranges of relevant variables.

S0) =vt+

V. Effect of Intramolecular Interactions

It is now believed that the excluded volume effect of one
polymer molecule disappears in the bulk amorphous
polymers. This may be the case for semidilute polymer
solutions since, as Edwards mentioned,* the effect of other
chains is to weaken the self-interaction of a chain and make
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Figure 13. An irreducible series diagram which includes intra-
molecular interactions.

(a) (b) (c)

Figure 14, Combinations of an intermolecular interaction and
an intramolecular interaction when (a) k <! <i, (b} k <i; <
lLband (¢) i; <k <1

its configuration close to that of a random walk. Therefore,
by making use of the cluster expansion method, we in-
vestigate the effect of the intramolecular interactions on
the osmotic equation of state, structure factor, and the
correlation length up to the first order of the excluded
volume parameter z defined by eq V.21; this is because
each molecule has at most one intramolecular interaction.
It should be noted again that we have to express cumulant
averages explicitly by the product of averages of inter-
molecular and intramolecular f functions; furthermore, we
assume that the intramolecular f function, f;, is also given
by the same form as f(r) in eq I1.28:

folr) = (-v)é(r) (V.1)

Let us define a contribution from intermolecular and
intramolecular interactions between monomeric units of
polymers to the free energy of the system by W’especially
when the self-interaction effect is considered. Again we
will consider series and ring-form diagrams to calculate W’
and therefore assume that

W s Wigries + Wiing (V.2)

where W', and W'y, are contributions to W’ from series
and ring-form diagrams, respectively.

1. Calculation of W', An example of the irreducible
series diagram including intramolecular interactions is
shown in Figure 13. As each molecule is assumed to have
at most one intramolecular interaction, one may consider
the following three cases, corresponding to combinations
of intermolecular and intramolecular interactions in a
single molecule as shown in Figure 14. The expressions
of the intramolecular structure factors are given by a®(q),
a®(q), and a™(q), corresponding to cases a, b, and ¢ in
Figure 14, respectively:

a“q) = X exp —l;kb2q2] (V.3a)
k<isiy [ 6
® [ 1k, s
a¥(q) = X exp| -—b%q (V.3b)
R<i<i L 6
() [ l —k.oo
a"(q) = X exp b%q (V.3¢)
i<k<t L 6

Then one may consider the following three diagrams (see
Figure 15) which contribute to W, and obtain cumulant
averages of the interactions.
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(2) (2) _(2)

iz iz ‘ \ iz

! i m n
I I

|
k1 b k 1

() () ()
(a) (b) (c)

Figure 15. Irreducible series diagrams contributing to Wi ies
where (a) no, (b) one, and (c) two intramolecular interactions are
included.

(a) Case Where Neither of the Molecules Has an
Intramolecular Interaction (Figure 15a). This case is
the same as that considered in section II. We have

Z(f l' - rlg(Z))>c2 = Z(f(r W~ rlz(Z))>2 = (—‘;zn’2

h»lz 11!‘2
(V.4)

(b) Case Where One of the Molecules Has an In-
tramolecular Interaction (Figure 15b). The well-
known cumulant expansion formula leads to

T X foler® = r D), @ - 2, @) 0 = LA folr) -
Juta Ry
Z(folry™ = 1)) A fr, @ -

r)f(r;,® -1, @), -
(-v)? - (-v)
1, %)), = 5 nZe'@ - GO (V.5)
where
a’(@) = a®(q) + a®(q) + a"(q) = gao(q) (V.6)

and
G,(0,n) = Z(fo(l'k(l) -rW)), =

V r<i'q
Substitution of eq V.7 into eq V.5 ylelds
Z Zl(fo(rk(l) - l‘[(l))f(l‘ - rlg(z))>02 =0 (V'S)
Juiz Ry
We have no contribution from this diagram to W/ e
(c) Case Where Each of the Molecules Has an In-
tramolecular Interaction (Figure 15¢). In this case,
we obtain

T T T (ol - 1Ol ® - e, )fr,® -

Jide R} mpn
£, M) es = ZXAfo(Dfo(2)F(1,2))g -
2 (foWNZ 2 (Fo(2)F(1,2))5 — 2(fo(2) XA fo(1)f(1,2))
= 22 fo(D)fo(2))22(f(1,2) ), +

22 (fo(N 2 (fol@)01 2(f(1,2)), =

(v) ) (-v)° (-v
V| Za’(Q) - 1(0,n)7n
where fy(1), fo(2), and f(1,2) are abbreviations for f,(r,®
- 1), fo(r,@ - r,?), and f(r; ¥ - r, @), respectively. We
have no contribution from thls dlagram to W/ieries again.

It is clear from eq V.4, V.8, and V.9 that the irreducible
cluster integral 8, is not affected by the intramolecular
interactions and, therefore, we obtain

("U)Z Zexp[-'l-—kbz 2] = ﬂ —Za’(Q) .7

2

=0 (V.9)

’ - - vn"’ 2
Wseries = Wseries = ——2—VP (V°10)
2. Calculation of W';,.. Let us consider an irreducible
ring-form diagram cons1st1ng of m molecules and [ intra-

molecular interactions as shown in Figure 16. The irre-
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/7—-—-? r
J\ /,
XN R
(2) N R (11}

I-
z " J=

(1)
Figure 16. An irreducible ring-form diagram consisting of m
molecules and ! intramolecular interactions.

(d) (e) (f)
Figure 17. Combinations of two intermolecular interactions and
an intramolecular interaction when (a) k < I <i<j,(b)i <k
<lgj(c)k<si<isjdk=<i<jsl(e)i<j=<k<land
Hi<k<j=l

ducible integral 8, defined in eq I1.24 can be written
for this diagram

VB =
-1
(m2 ) — 11)'sz.__z(fo(l),_,fo(l)f(1,2)-.-f(m,1))cm

=%RVri. 2 L. Z(fo(l) SoDf(L,2)..fim,1)) o m
indi lmwim By
(V.11)

To calculate the cumulant average in eq V.11 one needs
to obtain the intramolecular structure factor first; and,
since each molecule in the ring-form diagram is connected
to other molecules by two intermolecular f functions, one
has to consider the following six cases corresponding to
combinations of intermolecular and intramolecular inter-
actions as shown in Figure 17. The structure factors a®(q)
to a®(q) corresponding to cases a—f in Figure 17, respec-
tively, are calculated as follows:

a®(q) = a®(q) =

2(-vy X Zexp[—-——b2 ’2] exp[——-—b2 ]

k<l<;<]Vq
V.12)
(b) l- k 2072
a®(q) = 2(~v) X Zexp - b2q
L<k<l<qu
J-i-l+k
exp ———6—b2q2 (V.13)
i—k
a(q) = a¥q) = 2(-v) Z Zexp[ bzq’z] X
rsi<isjV 6

- -1
exp[—l—s-l-b"’(q + q’)2] exp[—Jszq"’] (V.14)

a¥(g) = 2(-v) X

rsi<jsV

. .
exp [ —J—G-bz(q + q')2] exp[—T]b"’q’z] (V.15)

Zexp[ ZGkb2q’2] X
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Performing the summation with respect to ¢’ and then to

I, J, k, and ! by taking notice of their orders as directed in
each case of Figure 17, we obtain

a®(q) = a®(q) = {-—nv’+ gz + 222-(1 - 30)0’}00((1)

(V.16)
a®(q) = (-nv’ + 2)ay(@O((n?b%qH)™)  (V.17)
a®(q) = af(q) = (-nv’ + 2)ag(q)O((n%?%q»™)  (V.18)
ad(q) = {— %z - 2(1 + %)v’}ao(q) (V.19)

with

N 3\

v = (21rb2) v (V.20)

and
z = vnl/? (V.21)

The factors a®(q), a'(q), and aP(q) can be ignored since
we assume that (nb%/6)! « ¢ « b2

As shown in Appendix B, we can rewrite the cumulant
average in eq V.11 by the sum of products of the ordinal
averages. Thus we have

.2 Z Z(fo(l) FoDF(L,2)..f(m,1)) e =

i1 imdm R

()"’

Z Chaol@)™fa(q) - G1(0,n)ap(@)} (V.22)

where

a’(q) = a®(q) + a®(q) + a(q) + a¥(q) + a¥(q) +
aP(q) (V.23)

Substituting eq V.22 into eq V.11 and making the sum-
mation with respect to [, we obtain the irreducible integral

,B/m—].:

VB/m—l i (— )

Z Cz{ao(Q)}'" fa"(@) -

Gl(o,nmo(q)}l = G1(0,n)ag(@)i™ (V.24)

where we write
a(q) = ag(q) + a(q) (V.25)

This factor a(q) can be rewritten by eq V.16, V.19, and
V.23 to give

a(q) =~ (1 - 2nv’ + 42)ay(q)

Since eq V.7 gives another expression of G(0,n)

(V.26)

G1(0,n) = Z {fo(r,V — rV)); = -2nv’ + 42{1 + 0(1)}
k<! n

V.27)
we have the result
— )m
VB o1 = —2-§{ao(q)}’” (V.28)
Therefore we obtain
W/ring = Wring = l"oa (V29)
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Equations V.10 and V.29 show that the osmotic equation
of state is not altered in the presence of the self-interaction
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m@EzEBE = —— — — — +
r T r r

Figure 18. Diagrams necessary to calculate the effective inter-
action.

effect of a chain (see eq I1.41).

In a similar way it can be shown that the structure factor
and the correlation length in the presence of intramolecular
interactions are also identical with eq II1.38 and «,?, re-
spectively. Alternatively, this fact may be proved by
making use of the compressibility equation given in section
IV. The above calculations based on simple approxima-
tions suggest that the effect of self-interaction of a polymer
does not alter the solution properties of semidilute poor
solvent solutions, but whether this view can be accepted
or not requires further investigation.

VI. Discussion

We have shown that the osmotic equation of state for
semidilute poor solvent polymer solutions has a term which
is proportional to p?/2 as derived by Edwards* in the case
where the ternary cluster integral is small (v, = 0). In the
same approximation, taking account of the series and the
ring-form diagrams we obtained the structure factor; the
contribution of the series diagram yields the structure
factor in Lorentzian form first derived by Jannink and de
Gennes’ and that of the ring-form diagram gives a cor-
rection term to this Lorentzian term. The conditions of
the validity of this approximation are as follows: (i) nvp
<« 1, which means that the total excluded volume of a
polymer molecule is less than the volume per polymer
molecule and is obtained by the ratio of the diagram
composed of m + 1 polymers to that of m polymers in eq
11.34, and (ii) (nb?%2p > 1, which means that the volume
of a polymer molecule is larger than the volume per
molecule. Furthermore, for the validity of expression 11.41,
the second term must be smaller than 1 (i.e., (iii) 1 >
(n®/2)p); from (ii) and (iii), we show that the excluded
volume parameter z, defined by eq V.20 and V.21, is
smaller than 1 and furthermore that the third term of eq
I1.41 is smaller than the second term; this guarantees the
approximation adopted here.

Appendix A. Effective f Function

To see the screening effect of the interaction with other
polymers more closely, we calculate the effective f function,
f, by summing series diagrams as shown in Figure 18. The
effective f function is given by

Fr-r)=-0b-1)+ Siar-r) (Al
m=1

where

fue-¥) =" L. T [ [ fir-

i1 Emdm

r)f(x; ~ r;,)..f(r; —r)P(m}) dim} (A.2)

In a similar way as we did in the calculation of 3, we
obtain

falr - 1) = (—u)m“pm‘l,%e-f«'“ﬂ{ao(q)}"' (A3)
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Substitution of eq A.3 into eq A.1 yields
2

fe-r)=-vé(r-7r) + e Tl (A 4)

4rir - 1|

This equation clearly shows the screening effect with the
screening length x; .. After certain renormalization the
screening length has been shown to be in good agreement
with the neutron scattering experiment.’

Appendix B. Proof of the Equality (V.22)

In this appendix we prove the equality

2 2 fofo(2)efoDf ) e =
ﬂmCtZ{ao(Q)}m_l{a”(Q) - Gl(O,n)ao(q)}’ (B.1)
ym q

by the inductive method, where f,, is the abbreviation for
the product of f functions:

1. Case Where I = 1. The cumulant average of the
product of one f, and f,, is calculated as follows:

T2l foWfmdem = 2ol foWfmdm —
fon Xl fm)m = (_‘1:3, %[{ao(qn’"'la"(q) -
G,(0,n)ay(@)"] =

%]ao(q)}’”‘l{a “q) - 01(0,’1)00@1)} (B.3)

(-v)™
Vm
where a’(q) and G,(0,n) are defined by

a”(@) = a®(g) + a®(q) + a“(q) + aV(a) +
a®(q) + a(q) (B.4)

and
G.(0,n) = T (fo(D)), (B.5)

respectively. We can obtain the same result as eq B.3 for
each case of X_...Y (fo()fm)em (0 = 2, ..., m). Multiplying
eq B.3 by this number of ways, ,C;, we find that the
equality B.1 is satisfied in the case where [ = 1.

2. Case Where I1Is an Arbitrary Integer (2 <1< m).
We will show that the equality (B.1) is satisfied under the
assumption that this equality is valid up to the case where
lis equal to ! — 1. The cumulant expansion of the moment
of multivariables is given by the following formula:

(2y2g..xp) = 2 II{(x maxymin. o pmine) JF
(B.6) i
where 3" ¢ means the sum over all possible sets of &;

under the condition that
2km;=1  (bothk; and m;; are 0 or 1) (B.6)
13

Therefore, we have
<f0(1)f0(2)---f0(l)fm)c,m =
l
(Fo(D)efoDf ) m — Ellckl(fo(l)h}k(fo(k + Deefo)fmdem
B.7)

Substitution of eq B.7 and the assumption fork (1 <k <
1-1)

Z.Z(fo(k + 1)'--f0(l)fm)c,m =

) Tlag@)™*4a"(q) - G1(0,n)an(@}* (B.8)
V" e

into the left-hand side of eq B.1 yields
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2 2 foDfo(2)efoDf ) o = %‘é{ao(qn’""[{a”(q)}’

l A -
- kgllck{Gl(Oyn)ao(Q)}k{a "q) = G1(0,n)ay(q)}*] =
(=v)m
-k vr
Zolckl—ka(—1)l‘k-P{GI(O,n)ao(q)}l—p{a//(q)}p] (BQ)
p=

gao(q)}’""[{a (@) -

M-~

k

1

Changing the order of the summations from mezgﬁo to

L1547 and making use of the equality

p=0
l-p
Elzck Co(-1)* =~ Cp(-1) (B.10)
we obtain
2. 2o foDf ) em = S Zlag@™[la(@)} +
9 Vvm g
ZO(—I)l‘pchiél(O,n)ao(q)!""{a”(q)}"] =
oy
(_;1 Tlao(@i™4a"(@) - GiOmag(@} (B11)

Multiplying eq B.11 by the number of ways selecting !

molecules out of m molecules, ,,C,, gives the right-hand side
of eq B.1.

With the cases 1 and 2 we have proved the equality B.1.
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ABSTRACT: A previously developed theory of fractionation of flexible homopolymers by gradient elution
high-performance liquid chromatography (HPLC) is extended to include intermolecular polymer-polymer
interactions and hence be applicable to polymer solutions of finite concentration. The analysis predicts that
in favorable mobile-phase solvent environments, the retention time or capacity factor should increase with
polymer loading. The theory also suggests the potential utilization of HPLC to obtain osmotic second virial
coefficients and hence average molecular volumes of flexible polymer molecules in dilute solution. Also briefly
considered is the possibility of verification by HPLC of the osmotic pressure equation of state in semidilute
polymer solutions where scaling concepts are applicable. Chromatographic measurements of osmotic second
virial coefficients are expected to become more difficult as the degree of polymerization increases, and equation
of state measurements in semidilute solutions would require careful operational selection of the mobile-phase
composition to achieve low polymer retention at relatively high loading of polymeric solute.

I. Introduction

The transition between infinitely dilute solutions of
isolated flexible polymer molecules to semidilute solutions
where different polymer molecules begin to interpenetrate
substantially occurs in good solvents for a volume fraction
of chain monomers given by & ~ M08 where M is the
degree of polymerization.! Thus departures from infinite
dilution can be anticipated for small values of ® when M
is large (e.g., when 103 < M <105,4 X 10323 =1 X 107%.
High-performance liquid chromatography (HPLC) has
been successfully applied to the reversed-phase fraction-
ation of polystyrene homopolymers using gradient elution
with mixed methylene chloride-methanol mobile phases,?
and a theoretical interpretation of the separation process
has been introduced on the basis of assumption of infinite
dilution of polymer solute.® Preliminary HPLC mea-

surements of the retention time of polystyrene homo-
polymers distributed between a chemically bonded C-18
stationary phase and a methylene chloride-methanol
mixed mobile phase indicate that the retention increases
with the amount of polymer loaded into the column.* The
polystyrene samples had M values in the range 600 < M
< 8600 and, assuming a molar volume for styrene mono-
mers of 125 cm®/mol, @ values in the range 3 X 107* < &
< 3 X 1072, Thus for the higher polymer loadings & >
M2 which indicates these samples were semidilute. The
purpose of the present analysis is to extend a recent theory
of HPLC homopolymer fractionation® to include inter-
molecular polymer—polymer interactions.

In section II we apply the McMillan~Mayer theory®® to
dilute (but not infinitely dilute) polymer solutions and
scaling theory! to semidilute polymer solutions to derive
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