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ABSTRACT Semidilute poor solvent polymer solution is investigated by the method of Ursell-Mayer cluster 
expansion. Series and ring-form diagrams are considered for polymers to calculate the osmotic equation of 
state of the solution, and this equation is shown to be the same as obtained by Edwards by a different method. 
The static structure factor, which is the Fourier transform of the correlation function of the system, is also 
calculated in the same approximation; the first term of this factor corresponds to the Jannink-de Gennes 
result by the random phase approximation. The osmotic compressibility equation, which connecta the osmotic 
pressure and the correlation function, is considered to check the consistency of our results and confirm the 
validity of the present approximation. Effects of the excluded volume on the equation of state and on the 
structure factor are investigated up to the first order of the excluded volume parameter z .  It is shown that 
the excluded volume does not affect the osmotic equation of state as well as the structure factor in this 
approximation. 

I. Introduction 
We study the semidilute poor solvent polymer solutions 

based upon the virial expansion the~ry. l -~ The semidilute 
region of polymer solution is defined by Edwards4 as 

V 
N 

nu << - < K ~ - ~  < (nb2)3/2 

where n is the number of monomer units in a polymer, b 
is the bond length, N is the number of polymers in solu- 
tion, V is the volume of the system, u is the excluded 
volume defined for binary interaction between monomer 
pairs, and K~ is the inverse of the screening length defined 
by 

The region defined by eq 1.1 is the same as the semidilute 
tricritical region (region I11 in their paper) defined by 
Daoud and Jannink? In this region, we do not have to rely 
on the renormalization group (RG) calculations based on 
the field-theoretic formalism, which is very useful in the 
theory of good solvent solutions. 

The osmotic equation of state in this region was first 
obtained by E d ~ a r d s ; ~  the equation includes the 
“Debye-Huckel” term, which represents the fact that the 
interactions between polymers are screened by the exist- 
ence of other polymers. Nevertheless, this equation differs 
completely from that derived by Daoud and Jannink5 by 
means of scaling arguments. Moores pointed out this 
discrepancy and explained that the expression given by 
Edwards is valid provided that the ternary cluster integral 
is very small. Furthermore, in the case when the ternary 
cluster integral ( u p )  was assumed to be neglected, Moore 
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obtained the Edwards’ “Debye-Huckel” term as a cor- 
rection to the virial expansion of the osmotic pressure by 
means of the RG calculation. 

In section 11, the SaitB theory for solutions, developed 
by using “grand” canonical ensemble, is first outlined; then 
it is shown, in the same case where u2 = 0, that this osmotic 
equation of state is also obtained by summing series and 
ring-form diagrams, each of which has a single intermo- 
lecular interaction between two polymers (see Figure 1) 
in the formalism of grand partition function. 

In the present paper the effect of the ternary interac- 
tions, which becomes important to investigate solution 
properties of polymers at @temperature, is neglected. The 
effect of these three-body terms on the solution properties 
of semidilute polymer solution will be discussed in our 
forthcoming paper. 

The structure factor for semidilute polymer solution was 
first obtained by Jannink and de Gennes7 using a random 
phase approximation (RPA), and i t  was compared with 
experiments after certain renormalization in small-angle 
neutron scattering (SANS) by Daoud et a1.8 and in 
small-angle X-ray scattering (SAXS) by Okano et In 
section 111, we calculate the structure factor of the solution 
by summing diagrams like those given in Figure 1 and 
show that when the contribution from the ring-form dia- 
grams (Figure lb) to the structure factor is small compared 
with that from the series diagrams (Figure la) we have the 
Jannink-de Gennes result.’ 

Recently, des CloizeauxlO presented a systematic way 
to calculate the osmotic pressure and the density corre- 
lation function of the semidilute poor solvent solution 
following grand canonical ensemble formalism in poly- 
disperse systems. The basic idea of his paper is similar 
to ours and his result for the osmotic pressure including 
the effect of one-loop diagrams corresponds to Moore’s 
results and ours; moreover, the density correlation function 
that des Cloizeaux obtained corresponds to the first term 
of our correlation function, which is given by taking ac- 
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where 

ZN*(T,V,PO) = Z N ( T , V , ~ O ) / Z O ( T , V , ~ O )  (11.6) 

This Z N * ( T , V , ~ ~ )  is to be compared with the partition 
function ZdT,V) in a canonical ensemble which is usually 
used in the theory of imperfect gases and is given by 

\ I \ I 
I \ i \ 

I 

(a )  ( b )  
Figure 1. (a) A series diagram and (b) a ring-form diagram. 

count of series-connected diagrams as shown in section III. 
In section IV, the osmotic compressibility equation, 

which gives a connection between the osmotic preasure and 
the correlation function of the solution, is considered to 
confirm the consistency between the results obtained in 
sections I1 and 111; the contribution from the “Debye- 
Hiickel” term to the osmotic equation of state corresponds 
to that from the ring-form diagrams to the correlation 
function. 

In section V, based upon the McMillan-Mayer theory 
in grand canonical formalism, the effects of the intramo- 
lecular interactions on the osmotic equation of state as well 
as on the static structure factor are examined by assuming 
that the same binary interactions can be adopted also for 
the intramolecular interactions. 

Finally, the validity of the assumptions adopted in 
sections I1 and I11 is discussed in section VI. 
11. Osmotic Equation of State 

1. Osmotic Pressure of Polymer Solutions in 
“Grand” Canonical Ensemble. The virial expansion of 
the osmotic pressure can be derived by the method of 
grand partition function by McMillan and Mayer112 or by 
the method of semi-grand partition function by Sait6.3 
The latter theory has the advantage of having a structure 
quite similar to the theory of imperfect gases in canonical 
ensemble, and the present paper will be developed by 
following this method; thus a brief introduction to this 
theory is in order. 

When we consider the osmotic pressure of solutions, the 
ensemble, called the semi-grand Canonical ensemble,l’ in 
which the chemical potential of the solvent, po, is held 
constant, may be preferable to the usual canonical en- 
semble since the number of the solvent molecules, No, 
changes by passing through a membrane separating solvent 
and solute phases. Let us consider solutions of one solute 
species. The partition function, ZN(T,V,pO), of the 
semi-grand canonical ensemble is related to the partition 
function, ZN(T,V,No) of the canonical ensemble by 

~ N ( T , V , P O )  = C Z N ( T , V J ~ ) X , ~ O  (11.1) 
NO 

where X, = exp(po/kBT) is the absolute activity of the 
solvent. The thermodynamic function defined by 3 = 
-kBT In Z N  has the following properties: 

(11.2) 
(11.3) 

3 = F - p a 0  

d 3  = -S dT - p dV - No dpo + p dN 

where S,  p ,  and F = -kBT In ZN are entropy, pressure, and 
Helmholtz free energy, respectively. On the other hand, 
the osmotic pressure, am, is defined as the pressure dif- 
ference between solute and solvent phases which have the 
same solvent chemical potential: 

where h is Planck’s constant, f is the number of degrees 
of freedom of a solute molecule, E(N) is the total energy 
of N molecules, and dTN is the volume element of the phase 
space of N molecules. 

Now let us define a new function, Q(N), by 

- 1 --) Q(N)  = 
N!hfN 

In general, the total energy E(No,N) can be expressed as 
a sum of potential energy U’(No,N) and kinetic energy 
T(NoJV); the latter is a sum of kinetic energies of individual 
molecules. Then 

E(N0,N) = U’(N0,N) + T(N0) + T(N) 

Q ( N )  = U(N) + T(N) 

(11.9) 

(11.10) 
Thus, Q ( N )  can be written 

where U(N)  is defined by 

The function U(N) has the following properties: 
(1) U(N)  is a function of the configurational coordinates 
of solute molecules only. 
(2) U(N)  = 0 in the case N = 0. 
(3) If we denote by grad, the differentiation with respect 
to the configurational coordinates of solute molecules, we 
have 
-grad, U(N) = 

(11.12) 

This means that U(N)  is the average potential, i.e., the 
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potential of mean force among N molecules in a solution 
of given solvent activity. 
(4) ZN* is given by 
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temperature, and p is the average density of solution; W 
is the contribution to the free energy of the system from 
intramolecular and intermolecular interactions between 
monomers of polymers 

ZN* = nNJ...Jexp( NhfN  -%) kBT d{NJ (11.13) 

where C(T) comes from the kinetic energy part of ZN* and 
d(NJ is the volume element in configuration space. 

We may include a constant term in U(N)  so as to have 
the property 

where 
F~(1 ,2 ,  ...m = eXp(-U(N)/kBT) (11.15) 

This constant term to be added to the original U(N)  
contributes a constant factor to ZN*, but it has nothing 
to do with the calculation of the osmotic pressure. Hence, 
we can omit it. 

Define successively g functions as follows: 

where ( N  = Emini) means that N molecules are divided 
into several groups among which a group with supscript 
i has ni molecules; further, there are mi groups, each of 
which has ni molecules and contributes a factor gy .  The 
summation means the sum over all the ways of division 
of N molecules into such groups as mentioned above. We 
introduce the cluster integrals by 

Then ZN* is expressed by 

(11.17) 

where the factor N/nimi!(ni!)"z is the number of terms 
which give the same integral ni(Vni!bnZ)"~. 

This function, if the summation with respect to N is 
taken, yields the "grand" partition function related to 
osmotic pressure (of course, it is different from the usual 
grand canonical partition function related to pressure): 

n(Vbn,)"'I 
- - C(nNXN i ," = CZN*XN = 

N N hfN (N=xm,n,) h i !  
i 

exp(C Vbnz ") (11.19) 

where z' = C(T)X/hf is the fugacity. Again the osmotic 
pressure T,, is given by 

kBT 
A08 = - 

n 

In ," = kBTxb,z'n (11.20) V n 

p = ( N ) / V  = Cnb,z'n 
Equation 11.20 with the condition 

(11.21) 
n 

yields 

(11.22) 

where kB is the Boltzmann constant, T is the absolute 

(11.23) 

This equation may be called the osmotic equation of state 
and is identical with that obtained for the pressure of an 
imperfect gas except that here the irreducible integrals, 
&'s, are functionals of the potentials of average force 
between solute molecules only and the presence of the 
solvent appears only implicitly as the potentials of average 
force of the solute molecules are influenced by the presence 
of the solvent. Further, we assume that these potentials 
of average force can be expanded by Mayer's f functions; 
that is, we assume binary interactions to act between pairs 
of monomeric units. 

For polymer solutions, the potential energy U(N)  is 
expressed as a sum of potential energies of "short-range" 
interactions, Us, and of "long-range" interactions, UL, 
where the "distance" is defined along a contour length of 
a chain. The "short-range" interaction means the near- 
est-neighbor intrachain interaction between monomers of 
a polymer molecule and the function Us leads to the dis- 
tribution function P defined in eq 11.27. The "long-range" 
interaction means the interaction between "distant" mo- 
nomers, and, if UL can be assumed to be a sum of poten- 
tials of binary interactions, we can expand the factor 
exp(-UL/kBT) by the product of f  functions. 

The irreducible integral 0, is then given by 

L 1 . . . 1 E ( 8 ) n f P ( { m  m! V + 1)) d(m + 1) (11.24) 

where f s are Mayer's f functions for intramolecular and 
intermolecular pairs of monomers and E(a) means that the 
summation is taken over all possible irreducible diagrams 
composed of m + 1 polymers. The average ( ...)c,m+l stands 
for the cumulant average, and the ordinary average (... )m+l 
for m + 1 polymers defined by 

...J AP((m + 1)) d(m + 1) (11.25) 

where 
[m + 11 = (1) ...( m + 1) (II.26a) 

dim + 1) = d(1) ... d(m + 1) (II.26b) 

and (a) denotes all the coordinates of the monomeric units 
of the ath polymer and the distribution function P is as- 
sumed to be the product of the Gaussian function 
P({m + 11) = 

m + l  n-1 

a=l  i = l  
exp[-31ri(") - ri+l(a)12/2b2] (11.27) 

where ri(") denotes the coordinates of the ith unit of the 
ath polymer. Hereafter, to make the calculation possible 
we assume that the f function is given by the Dirac 6 
function: 

f(r) = ( -vMr)  (11.28) 

where IuI is small in poor solvent. 
To calculate the cumulant average in eq 11.24, we must 

rewrite it in terms of the ordinary averages defined by eq 
11.25. It is easy to show that cumulant averages of dis- 
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Then, let us consider the ring-form diagrams like those 
shown in Figure lb. The integral calculated for the 
ring-form irreducible diagram composed of m polymers, 
is 

' 2  - ( 2 )  
I 

I - ( 1 )  
jl 

Figure 2. An irreducible series-connected diagram. 

connected clusters consisting of intermolecular f functions 
can be neglected. For example, if f(1) and f(I1) are sta- 
tistically independent, i.e., (f(I)f(ID )4 = (f(I)),(f(II) )2, we 
have 

(f(I)f(II))c,4 = 0 

where each of I and I1 stands for the difference of the 
position vectors of monomers belonging to different 
molecules. However, if they are statistically dependent 
like they are in a ring-form diagram (see Figure lb), we 
get 

(f(I)f(II) )c,2 = (f(I)f(II) )2  (11.29) 

in the limit of V - a, since the product of the ordinary 
averages of intermolecular f functions can be neglected in 
this limit. On the other hand, if one of the f functions in 
eq II.29 is an intramolecular f function, fo, we can estimate 
roughly that the averages, ( f o f ) 2  and (fo)l(f)2, have the 
same order with respect to V. Note that the product of 
the ordinary averages of intramolecular f functions cannot 
be neglected even in the limit of V - QD. Therefore, we 
must calculate explicitly cumulant averages of intramo- 
lecular f functions;12 the cumulant expansion of the 
product of ordinary averages of intermolecular and in- 
tramolecular f functions is considered precisely in section 
V where the self-interaction effect of a molecule on the 
osmotic pressure is investigated. 

2. Calculation of the Osmotic Pressure in "Grand" 
Canonical Ensemble. According to the Saita theory 
developed in the previous subsection, the irreducible in- 
tegral & defined by eq 11.24 has to be calculated to obtain 
the osmotic pressure of solutions. Let us first consider the 
case where the effect of the intramolecular interactions is 
neglected. Although it is possible to consider many con- 
nected series diagrams like that shown in Figure la, the 
diagram shown in Figure 2 is a unique irreducible diagram; 
other types of diagrams like trees which are reducible do 
not contribute to W, the free energy of the system. The 
integral b1 calculated for this diagram is given by 

01 = -E J JfbjJ') - riF))P((1),(2)) d(1) d(2) (11.30) 

Making use of the Fourier series expansion of the Gaussian 
function included in P((1),(2)) 

1 
ViDjl 

I =  31ri(l) - ri+1(1)12 
2b2 

1 
VP 
-Cexp[iq(ri(l) - ri+l(l))] exp 

and definition of the f function (eq II.28), we obtain 

b1 = (-v),E1 = -n2v (11.32) 

Therefore, Wseliea, the contribution from the series dia- 
grams to the free energy of the system, is given by 

Wsedes = '/zVPlp2 = -f/zn2vVp2 (11.33) 

W l  

1 
-(-v)mC(ao(q))m (11.34) 
2 v  P 

where a0(q) is the intramolecular structure factor Go(q,n), 
i.e., the structure factor of a single molecule 

qo(q) = Go(q,n) = Eexp[ -:(i - ilq2] (11.35) 

and for the wave range, (nb2/6)-l << q2 << b-2, it is given 
approximately by 

ao(q) = 12n/b2q2 (11.36) 

Substituting eq 11.34 into eq 11.23, we have W,@, the 
contribution from the ring-form diagrams to the free en- 
ergy of the system, 

i j  

m i  /i \ 

m i  

where use is made of the equality 

(11.38) 
" 1  

m = l m  
In (1 + x )  = C -(-l)m-l~m 

Furthermore, replacing the sum by the integral with re- 
spect to q, we obtain 

where q = lql and K~ is the inverse of the screening length 
defined by eq 1.2. 

From eq 11.33 and eq 11.39 we obtain 

n2v 
2 w = Wseries + w,,, = -- 

(11.40) 
Substituting eq 11.40 into eq 11.22, we finally obtain the 
osmotic pressure in the present approximation for poly- 
mers 

The third term is of a Debye-Huckel form; that is, the 
interaction between polymers is screened by the presence 



392 Miyakawa, Moro, and Saitb Macromolecules, Val. 17, No. 3, 1984 

t C C  C C C  

+ -=-+=pa 

of other polymers. To see this screening effect by the 
presence of other molecules more closely we calculate the 
effective f function in Appendix A. 

The expression 11.41 corresponds to Edwards’ result 
except for the discrepancy between our third term and his 
third term. As Moore pointed out6 we also think that this 
discrepancy is due to a trivial error in the calculation going 
from eq 3.16 to eq 3.17 in Edwards’ paper.4 

des Cloizeaux calculated the osmotic pressure by con- 
sidering irreducible diagrams to one-loop order in a poly- 
disperse system and obtained the same expression as eq 
11.41 in the case of a monodisperse system. The feature 
of his method is similar to that of our theory in the present 
section except the point that in des Cloizeaux’s theory the 
elimination of the short-range divergences is inevitable 
when replacing the sums with respect to monomers by the 
integral; on the other hand, in our calculation the con- 
tribution from a diagram to the free energy of the system 
is obtained by actually summing monomeric units of the 
diagram and there is no difficulty of divergence in the 
calculation (see also section V). 

111. Static Structure Factor 
In this section, we first calculate the molecular distri- 

bution function g2(r,r’) of the polymer solution based on 
the “grand” canonical ensemble formalism considered in 
the previous subsection. The calculation method of the 
function is quite similar to that of the radial distribution 
function of imperfect gases based on the grand canonical 
ensemble formalism except for the fact that we consider 
here the potential of the average forces acting on solute 
molecules only instead of the actual potential of forces 
acting on gas molecules. 

1. Molecular Distribution Function gz(r,r’). Sup- 
pose that there is a region (volume V) in solution which 
includes N molecules; the molecular density p(r) at point 
r in this region is defined as 

where n is the number of monomeric units per molecule 
and 

N = jJ (r )  dr (111.2) 

Since the number ( N )  of molecules changes in the grand 
canonical ensemble treatment, we may define the average 
density of the molecules 

(p(r)) = ( N / V  = p (111.3) 

Because of molecular interactions, the distribution of 
molecules is not completely random, and the molecular 
distribution function is defined by the density-density 
correlation function of the system 

where summation is taken for all values of a and p (1 I 
CY, /3 5 N) except for the cases where both of the conditions 
CY = /3 and i = j are satisfied; since a polymer molecule has 
a structure (i.e., many monomeric units are connected to 
build up a molecule), we have to sum up also the cases 
where a = @ unless th  condition i = j is satisfied. 

The Fourier transform of the correlation function gives 
the static structure factor of the system, which can be 
measured by experimental methods such as light, neutron, 
and X-ray scattering. 

t t 

c W 
t 

Figure 3. Correlation functions t(r,r’) and c(r,r’). 

f f  f f f  t ( l )  

t(1) $1 i 
21’ f 

et0 
r- = - +  

$ 1 )  

( C )  ( d  1 ( e )  
Figure 4. First iteration terms of correlation functions t(r,r’) 
and c(r,r’). 

By making use of the f-function expansion, we can 
rewrite eq 111.4 in the form of a fugacity expansion 

ri(“))6(r - rj(@))P({NJ) d{NJ (111.5) 

We here make use of the topological reduction method of 
StelP3 to obtain the function g2(r,r’) as a power series of 
the average density p from the fugacity expansions (eq 
111.5). To make the calculation more tractable let us use 
again the ring-form approximation in performing the 
calculation. Although the ring-form approximation is 
much simpler than the more general hypernetted chain 
approximation which Stell and other workers discussed, 
the former may be sufficient for the present purpose to 
obtain the gz(r,r’) function in poor solvent. Let us define 
another correlation function hz(r,r’) which is related to 

hz(r,r’) = gz(r,r’) - 1 (111.6) 
where hz(r,r‘), if multiplied by p 2 ,  is well-known as a Mayer 
cluster function; h2(r,r’) consists of two parts 

hz(r,r’) = t(r,r’) + c(r,r’) (111.7) 
where c(r,r’) is the Ornstein-Zernike direct correlation 
function. The functions t(r,r‘) and c(r,r’) are given by the 
iterative method shown in Figure 3, where black circles 
stand for p and white circles stand for 1-circle labeled by 
r and r’; for the first iteration terms in the ring-form 
approximation they are expressed in diagrams as shown 
in Figure 4. In the case of polymer solution each term 
a-e in Figure 4 should be modified to express intermole- 
cular interactions between polymers; then, the diagrams 
contributing to the functions t(’) and c(l) are given in 
Figures 5 and 6, respectively. 

We have to consider two different types of diagrams for 
t( l);  that is, one in which white circles are located on dif- 
ferent molecules (Figure 5a) and another in which white 
circles are located on the same molecule (Figure 5b). As 
we do not consider the effect of the intramolecular in- 
teractions in the present section, the necessary diagrams 
to be considered to calculate c(’) are expressed in Figure 
6; cases c, d, and e correspond to the diagrams c ,  d, and 

g2(r,r’) by 
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/-" '-\ 
I /--4 

1 I 

Figure 5. Diagrams contributing to the t(') function: (a) se- 
ries-connected diagrams; (b) ring-form diagrams. 

/--\ 1 

( C )  ( d  1 

( e  1 
Figure 6. Diagrams contributing to the c(l) function: (c) a 
series-connected diagram; (d and e) ring-form diagrams. 

Figure 7. (a) A diagram which gives the structure factor of a 
single molecule and (b) a ring-form diagram which gives the fiit 
term (i.e,, 1 = 0 term) of the expansion in eq 111.15. 

e in Figure 4, respectively. Moreover, we have to consider 
the following terms, shown in Figure 7, especially for the 
case of polymer solutions, which do not appear in the 
theory of imperfect gases. 

For example, the contribution to the h2(r,r') function 
from the diagram shown in Figure 5a.l is given explicitly 
as 

where the coefficient (3!/2)(2) gives the number of ways 
of arranging three molecules (named a, 1, and b) in series 
and deciding molecules on which the points r and r' should 
be located. By making use of the Fourier series expansion 
of the Gaussian function P((u),(l),(b)) in volume V (i.e., 
eq 11.27) and the definition of the f function, eq 11.28, we 
obtain 

(111.9) 

In general, the contribution to the h2 function from the 
higher order terms of the series diagram connected by m 
+ 1 f functions as shown in Figure 8 is then just 

I' 
\ 

r \  / K  

Figure 8. A connected series diagram where a # 8. 

Figure 9. A ring-form diagram including 1 + 2 molecules where 
a # 8. 
The diagram shown in Figure 6c corresponds to the m = 
0 case in the expansion of series diagrams (Figure 5a); the 
contribution from this diagram to h2(r,r') is, therefore, 
given by simply taking m = 0 in eq 111.10, 

The contribution to h2(r,r') from all series-connected 
diagrams, i.e., Figures 5a and 6c, is given by 

The diagram shown in Figure 7a gives the intramolecular 
structure factor of a single molecule; in the theory of im- 
perfect gas@, this term corresponds to the perfect gas term 
without interactions. The contribution to h2(r,r') from this 
diagram is 

1 1 .Lxe-iq(r-r7uo(d (111.12) 
n 2 p  V q  

which gives a term proportional to p in the expression of 
the density-density correlation function (p(r)p(r') ). 

Adding eq 111.12 to eq III.ll, we obtain the contribution 
to h2(r,r') from all connected series diagrams: 

and if ao(q) cz 12n/(b2q2) (eq II.36), eq TIL13 is given by 
a function of the screened-coulomb type 

Furthermore, we have to consider also the contribution 
from ring-form diagrams like those shown in Figure 6d,e. 
One may consider a general term of the cqnnected ring- 
form term including 1 + 2 polyxqers which is shown in 
Figure 9; the d d t i o n  of the contribution to h2(r,r') from 
this diagram yields 
( 1  + l)! p' (-u)'+2 

X 
2 i + 2 c 1 m  T 

1 '  - 
W m = o q '  q" 

Ce-"q'-q")(r-r')(u~(q') ]m(ao( q"))"m(B( q',"') I2 
(111.15) 
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, 9  1104 \ q-cp‘, 0 
I I 1  

2 I 2  1 I ‘  1 2  I: J I  I 

19 9 ;  --- 
( a )  ( b )  ( c  1 

Figure 10. Diagrams contributing to B(q’,q’’). 

where the coefficient [ ( I  + 1)!/2] I+2C1 gives the number 
of ways of arranging 1 + 2 molecules in a circular form and 
deciding a molecule on which the point r should be located; 
the case where 1 is equal to 0 corresponds to the diagram 
shown in Figure 7b, and B(q’,q’’) consists of three terms, 
each of which corresponds to each of the three cases in 
Figure 10 (first t&m from (a), second term from (b), and 
third term from (c)) 

. .  

6 
i - i2  

- -b2qf2 

. .  i2 - i 
6 

1 i - j 2  
-b (q - (111.16) 6 

On the other hand, by taking the sum of eq 111.15 with 
respect to 1, we can obtain the contribution from all the 
connected ring-form diagrams of Figure 9 type: 

(111.17) 
The value of B(qf,qff) is obtained approximately 

2n 2n 2n a f + a ” +  c B(q’,q”) 2 - + -, + - = 2 n (111.18) 
a b  ca a ’fc a ‘a ’% 

where 
u f  = b2qf2/6 (III.19a) 

a f f  = b2q”2/6 (111.19b) 

(III.19c) c = b2(q’ - ~ ” ) ~ / 6  

Furthermore, if we may assume that 
a ’ +  + c r 2c 

we obtain 
4n 1 

a’a” n 
Substituting eq 111.20 into eq 111.17, we obtain approxi- 
mately the expression of this contribution as follows: 

B(qf,qff) - = -ao(q’)ao(q”) (111.20) 

2 1 - e-*olr-yl &( b21r - r’J ) (111.21) 

where use is made of the relation 

Expression 111.21 also includes a function of the 
screened-coulomb type but it is not dominant to eq 111.14 
since, if the appropriate range 

K O l r  - rfl 5 1 

&-+ 
( a )  

Figure 11. A ring-form diagram including 1 + 1 molecules where 
a = p. 

is taken into account, the ratio of eq 111.21 to eq 111.14 is 
small: 

We may consider, furthermore, the contribution to h2- 
(r,rf) from another connected ring-form diagram where 
both of the points r and r’ (small circles) are located on 
the same molecule as shown in Figure 11, representing a 
higher order term of the diagram (b.2) of Figure 5; this 
yields a correlation function which is related to the in- 
tramolecular structure factor of a single molecule. The 
calculation of the contribution to h2(r,rf) from such a 
diagram consisting of 1 + 1 molecules yields 

Ddq’ ,qff) 1 (111.24) 

where the coefficient (1!/2) gives the number of ways 
of arranging 1 + 1 molecules in a circular form and deciding 
a molecule on which the points r and rf should be located 
and 

bZqf2 - j - i  -b2qff2 - 

6 

J - J i  + 2 C exp [ --b2(q” 6 - q’)2 - 

Dl(q’,q”) = 2 C ,exp 

. .  
i15<j5jl 

-b2qf2] i - il 
6 iSl<jlSj 

il - i 
-b2(q“ - q’)2 1 (111.25) 

6 

and 

are given by sums of contributions from each case of the 
diagrams shown in Figure 12 (diagrams a-d define Dl(q,q’) 
and diagrams e and f define D2(q,qf)). If the appropriate 
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by eq 111.6, and for large separation, Ir - r’l - 00 
h2(r,r’) - 0; g2(r - r’) - 1 

2. Static Structure Factor. The static structure 
factor, S(q), of the present system is the Fourier transform 
of the density-density correlation function: 

S(q) = $eiWr[g2(r) - 11 d r  = $eiWrh2(r) d r  (111.34) 

where h2(r - r’) = h2(r,r’). Substituting eq 111.33 into eq 
111.34, we obtain 

S(q) = Sseries(4 + Sring(q1 range of q’ and q” is taken into account, one may obtain 
approximately 

n 2n F,’) d r  (111.35) 
D1(q’,q”) = 2 - + -  

,r2,ll c2a11 ( 
(111.27) 

(111.28) 

A comparison between eq 111.27 and 111.28 yields the fact 
that D2(q’,q”) is dominant over Dl(qf,qff): 

2n2 - (111.29) 
ah” 

Substituting D2!q‘,q‘‘) zz ao(q’)ao(q’’)/2 into eq 111.24 and 
taking a sum w t h  respect to 1 ( I  I l), we obtain approx- 
imately 

where Swfiw(q) is the contribution to S(q) from the series 
diagrams 

The contribution to S(q) from the ring-form diagram, 
Sriw(q), is given by eq 111.17: 

Sring(q) = 

(B(q” + q, (111.37) 1 

1 + uPao(q + a”) 
Then we obtain 

where use is made of the relation 

Expression 111.30 is similar to eq 111.12, a part of the first 
term of the expansion, in its r - r’ dependence. We may 
neglect eq 111.30 since the ratio of eq 111.30 to eq 111.12 is 
small: 

From eq 111.21, the contribution from ring-form diagrams 
can then be obtained as 

2 

(111.32) 

Finally, the contribution to the correlation function 
h(r,f) from c 0 ~ e ~ t . d  series diagrams (eq III.14) and that 
from connected ring-form diagrams (eq III.32) is obtained: 

(111.33) 
The density-density correlation function g2(r,r‘) is given 

(111.38) 

and if (nb2/6)-’ << q2 << b-2, we have 

+ 1 KO2 S(q) = - - 
n2p2u q2 + K~~ 

(111.39) 

If the second term can be neglected with respect to the first 
term in eq 111.39, we obtain 

4 0  4 

S(q) = - ld - 1 

nb2p q2 + K O ~  
(111.40) 

Jannink q d  de Gennes’ have obtained eq 111.40 by ran- 
dom phase approximation; des Cloizeaux obtained a result 
similar to that of eq 111.40 by zero-loop approximation. 
This Lorentzian form is also shown to be in good agree- 
ment with e ~ p e r i m e n t . ~ ~ ~  In the derivation of the second 
term of eq iII.39 in the structure factor we assumed that 
a’ + a” = c: which means that two variables, q and q’, are 
orthogonal; otherwise, a correction term must be intro- 
duced in the expression of the second term, the determi- 
nation of which required further experimental studies and 
calculations. 

In section IV, we will not make use of this approximate 
expression, but use is made of the original expression of 
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S ( q ) ,  i.e., eq 111.38. Consequently, the discussion in the 
following section is exact. 

IV. Osmotic Compressibility Equation 
Idthe theory of fluids it is known that the correlation 

function g2(r) is related to the compressibility of the system 
by the compressibility equation 

(IV.1) 

where K T  is the isothermal compressibility defined by the 
pressure of the system: 

~ S [ g z ( r )  - 11 d r  = PKrkBT - 1 

Macromolecules, Vol. 17, No. 3, 1984 

where the single-molecule term is also subtracted in the 
expression of a correlation function g**(r). From eq IV.6, 
we obtain 

(IV.2) 

By making use of the Mayer cluster expansion method 
we have obtained the osmotic pressure in section I1 and 
the static structure factor in section 111. In this section 
let us check the validity of these results by eq IV.l; then, 
K T  stands for the osmotic compressibility of the polymer 
solution. The expression of the osmotic pressure in the 
grand canonical ensemble was obtained in eq 11.41 and, 
when differentiated with respect to density p ,  it gives 

Then the right-hand side of eq IV.1 is 

and it is given approximately for n2up << 1 as 

(IV.4a) 
-un*p + -( 3 W 2 )  2 )  un 3i2p1,2 

27r 

and for n2up >> 1 as 

The left-hand side of eq IV.1 is given by the static structure 
factor, S ( q ) ,  at  q = 0 

p S k z ( r )  - 11 d r  = p S ( q  = 0) (IV.5) 

The structure factor S(q) includes the single-molecule term 
whose contribution to S(q)  waa calculated by considering 
the diagram shown in Figure 7a; this term corresponds to 
the van’t Hoff term (i.e., the term, plzBT, on the right-hand 
side of eq 11.41) in the virial expansion of the osmotic 
pressure; then, this should be excluded from the factor S(q) 
if one wants to compare the result with that of osmotic 
pressure by eq IV.1. So, let us define a factor S*(q)  which 
is given by simply subtracting eq 111.12 from eq 111.38; we 
have 

S*(q) = - 1 ( -u)bo(q)12  + 

n2 1 + u p d q )  

(IV.6) 

Then the left-hand side of eq IV.l is rewritten as 

pS[g2*(r) - 11 d r  = pS*(q = 0 )  (IV.7) 

where use is made of the definition (eq 11.35) of ao(q)  at 
q = o  

(IV.9) 

Note that to obtain p S ( q  = 0) we must not simply use in 
eq 111.38 the expression ao(q)  = 12n/(b2q2) ,  which is valid 
only between the limited range of q, i.e., (nb2/6)-’  << q2 
<< b-2. It is easily seen from the definition (111.16) that 

ao(q  = 0) = E1 = n2 
i j  

B(q’,q’) = 2 C  C exp = nao(q’) (IV.10) 
i i2<j2  

Then the left-hand side of eq IV.l turns out to be 

(IV. 11) 

which is identical with eq IV.4a and where use is made of 
the relation 

Even though we have used a simpler approximation than 
the general HNC approximation to obtain the osmotic 
pressure of solution ahd the correlation function of the 
system, we find that these two results satisfy the com- 
pressibility equation and are, therefore, consistent with 
each other; the third term of the osmotic pressure (the 
“DebyeHuckel” term in eq 11.41) given by the ring-form 
diagram corresponds to the third term of the correlation 
function (last term of the screened-coulomb type in eq 
111.33). 

On the other hand, Moore6 obtained the structure factor 
S ( q )  of semidilute polymer solution by a renormalization 
group calculation and, in the limit of q - 0, if a trivial error 
made in his eq 2.23 is corrected, it was shown that in three 
dimensions 

which is consistent with eq IV.4b. Which relation holds 
for semidilute solution, n2up >> 1 or n2up << 1, cannot be 
answered from the Edwards definitions of semidilute so- 
lution. In other words, either relation is valid for appro- 
priate ranges of relevant variables. 

V. Effect of Intramolecular Interactions 
It is now believed that the excluded volume effect of one 

polymer molecule disappears in the bulk amorphous 
polymers. This may be the case for semidilute polymer 
solutions since, as Edwards mentioned: the effect of other 
chains is to weaken the self-interaction of a chain and make 



Macromolecules, Vol. 17, No. 3, 1984 Theory of Semidilute Polymer Solutions 397 

( 2 )  ( 2 )  ( 2 )  
I - .  ’ 12 12 , \ 12 -- 

I I m n l  
I I 

I I I 
I k I j , l  k I j , I  

I 

i ,  - .-I v I 

( 1 )  ( 1 )  ( 1 )  

Figure 15. Irreducible series diagrams contributing to Wl,,, 
where (a) no, (b) one, and (c) two intramolecular interactions are 
included. 

(a) Case Where Neither of the Molecules Has an 
Intramolecular Interaction (Figure 15a). This case is 
the same as that considered in section 11. We have 

(-U) C (f(rj1(l) - rjJ2)))c,2 = C (f(rj1(l) - riJ2)))2 = -n2 
j l i z  J 1 h  V 

( a )  ( b )  ( c )  

(V.4) 
(b) Case Where One of the Molecules Has an In- 

tramolecular Interaction (Figure 15b). The well- 
known cumulant expansion formula leads to 
C C (fo(rk(l) - r/’))f(rj1(’) - riJ29 )c,2 = CC (fO(rk(l) - 
i l i z  k,l 

r/l))f(rjl(l) - riJ2)) )2 - C (f0(rk(l) - rl(l)) )lC (f(rj1(l) - 

;-\ 

I 
I 

I 

-7-7- .-, 
Figure 13. An irreducible series diagram which includes intra- 
molecular interactions. 

I I 
I I 

( a )  ( b )  ( c )  

Figure 14. Combinations of an intermolecular interaction and 
an intramolecular interaction when (a) k < 1 I il, (b) k I il C 
1, and (c) il I k C 1. 

ita configuration close to that of a random walk. Therefore, 
by making use of the cluster expansion method, we in- 
vestigate the effect of the intramolecular interactions on 
the osmotic equation of state, structure factor, and the 
correlation length up to the first order of the excluded 
volume parameter z defined by eq V.21; this is because 
each molecule has at  most one intramolecular interaction. 
It should be noted again that we have to express cumulant 
averages explicitly by the product of averages of inter- 
molecular and intramolecular f functions; furthermore, we 
assume that the intramolecular f function, fo, is also given 
by the same form as f(r) in eq 11.28: 

fob) = ( - u ) W  (V.1) 

Let us define a contribution from intermolecular and 
intramolecular interactions between monomeric units of 
polymers to the free energy of the system by W’especially 
when the self-interaction effect is considered. Again we 
wil l  consider series and ring-form diagrams to calculate W’ 
and therefore assume that 

W’N WLnes + w’riw (V.2) 

where W’,, and W‘,, are contributions to W‘from series 
and ring-form diagrams, respectively. 

1. Calculation of W’‘. An example of the irreducible 
series diagram including intramolecular interactions is 
shown in Figure 13. As each molecule is assumed to have 
at  most one intramolecular interaction, one may consider 
the following three cases, corresponding to combinations 
of intermolecular and intramolecular interactions in a 
single molecule as shown in Figure 14. The expressions 
of the intramolecular structure factors are given by da)(q), 
a@)(q), and a(T)(q), corresponding to cases a, b, and c in 
Figure 14, respectively: 

a@)(q) = kSil<l C exp[ -yb2q2] (V.3b) 

Then one may consider the following three diagrams (see 
Figure 15) which contribute to Wl,,, and obtain cumulant 
averages of the interactions. 

where fo(l), f0(2), and f(1,2) are abbreviations for fO(rk(l) 
- r/l)), fo(rm(2) - r:2)), and f(rj1.(l) - riJ2)), respectively. We 
have no contribution from this diagram to WLriea again. 

I t  is clear from eq V.4, V.8, and V.9 that the irreducible 
cluster integral &’ is not affected by the intramolecular 
interactions and, therefore, we obtain 

(V.10) un2 

2. Calculation of W’,, Let us consider an irreducible 
ring-form diagram consisting of m molecules and 1 intra- 
molecular interactions as shown in Figure 16. The irre- 

W’series = Wseries = - z V p 2  
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Performing the summation with respect to q‘ and then to 
i, j ,  k ,  and 1 by taking notice of their orders as directed in 
each case of Figure 17, we obtain 

(V.16) 

(V.17) 

(V.18) 

1 8 2  
da)(q) = de)(q) = -nu‘+ -z  + -(I - 3a)u’ ao(q) 

l 3 a  

db)(q) = (-nu’ + z)ao(q)0((n2b2q2)-’) 

dc)(q) = a(o(q) = (-nu’ + z)ao(q)0((n2b2q2)-1) 

I .  

/-’ ,-\ 

( 2 )  l i  

( 1 )  

Figure 16. An irreducible ring-form diagram consisting of m 
molecules and 1 intramolecular interactions. 

,-. ,-. ,-. 
/j ‘, +-+ )I ‘! 

++  I ,  

I \  , , ,  ’ \  , 
\ I  \ 

( a )  ( b )  ( c )  
I - .  ,, - - \  , %  

* - .  

I \  / 

i 

( d )  ( e  1 ( f )  

Figure 17. Combinations of two intermolecular interactions and 
an intramolecular interaction when (a) k < 1 5 i < j ,  (b) i 5 k 
< 15 j ,  (c) k 5 i < 15 j ,  (d) k 5 i < j 5 1, (e) i < j 5 k < 1, and 
(f) i I k < j  5 1. 

ducible integral /3”-1,1 defined in eq 11.24 can be written 
for this diagram 

(V.11) 

To calculate the cumulant average in eq V . l l  one needs 
to obtain the intramolecular structure factor first; and, 
since each molecule in the ring-form diagram is connected 
to other molecules by two intermolecular f functions, one 
has to consider the following six cases corresponding to 
combinations of intermolecular and intramolecular inter- 
actions as shown in Figure 17. The structure factors da)(a) 
to a@(q) corresponding to cases a-f in Figure 17, respec- 
tively, are calculated as follows: 
&)(q) = &)(q) = 

(V.12) 

acb’(q) = 2(-u) C -Eexp[ 1 - 7 b 2 q t 2 ]  I - k  x 
iSk< lS j  v q‘ 

j - i - l + k  
ex.[- b2$] (V.13) 

i - k  
dc)(q) = a(o(q) = 2(-u) C -Eexp 1 [ -- 6 b2qr2] 

kSi<lSj  v q‘ 

ex,[ - y b 2 ( q  + q’)2] exp[ - y b 2 q 2 ]  (V.14) 

acd)(q) = 2(-u) 

eXP[ - G b 2 ( q  + q’)2] exp[ -?b2qf2] (V.15) 

with 
312 

u t = ( & )  (V.20) 

and 

= u’n‘l2 (V.21) 

The factors db)(q), &q), and d ( q )  can be ignored since 
we assume that (nb2/6)-’ << q2 << b-2. 

As shown in Appendix B, we can rewrite the cumulant 
average in eq V . l l  by the sum of products of the ordinal 
averages. Thus we have 

C C C...C(fo(l)...fo(l)f(l,2)...f(m,l) )c,m = 
i , j ,  i,j, h,k r,s 

(-U)m 
Vm~mCl(ao(q)lm-lIa”(q) - Gl(O,n)ao(q)I’ (v.22) 

where 
a”(q) a a(a)(q) + db)(q) + @(q) + dd)(q) + de)(q) + 

a(O(q) (V.23) 

Substituting eq V.22 into eq V.11 and making the sum- 
mation with respect to 1, we obtain the irreducible integral 
P’m-1: 

m ( - U P  
VP’m-1 = I3,CmCda,(q)Im-la”(q) - 

l=O q 

(-VIm 
‘%(O,n)ao(q)l’ = ---Zla(q) - ~l(O,n)ao(q)lm (V.24) 

2 q  
where we write 

= ao(q) + a”(q) (V.25) 

This factor a(q) can be rewritten by eq V.16, V.19, and 
V.23 to give 

a(q) N (1 - 2nu‘+ 4z)ao(q) (V.26) 

Since eq V.7 gives another expression of cl(O,n) 

Gl(O,n) = C (fo(rk(l) - rl(l)))l = -2nu’+ 42 1 + 0 
k<l { (9) 

(V.27) 

we have the result 

(-u)m 
VP’m-1 = -Cbo(q)lm (V.28) 

2 q  
Therefore we obtain 

(V.29) W’ring = Wring = - K ~ ~  

Equations V.10 and V.29 show that the osmotic equation 
of state is not altered in the presence of the self-interaction 

V 
12* 
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- - A i ,  

I i?I-- 
U' 

Figure 18. Diagrams necessary to calculate the effective inter- 
action. 

effect of a chain (see eq 11.41). 
In a similar way it can be shown that the structure factor 

and the correlation length in the presence of intramolecular 
interactions are also identical with eq 111.38 and K O ~ ,  re- 
spectively. Alternatively, this fact may be proved by 
making use of the compressibility equation given in section 
IV. The above calculations based on simple approxima- 
tions suggest that the effect of self-interaction of a polymer 
does not alter the solution properties of semidilute poor 
solvent solutions, but whether this view can be accepted 
or not requires further investigation. 

VI. Discussion 
We have shown that the osmotic equation of state for 

semidilute poor solvent polymer solutions has a term which 
is proportional to p3I2 as derived by Edwards4 in the case 
where the ternary cluster integral is small (u2 = 0). In the 
same approximation, taking account of the series and the 
ring-form diagrams we obtained the structure factor; the 
contribution of the series diagram yields the structure 
factor in Lorentzian form first derived by Jannink and de 
Gennes' and that of the ring-form diagram gives a cor- 
rection term to this Lorentzian term. The conditions of 
the validity of this approximation are as follows: (i) nup 
<< 1, which means that the total excluded volume of a 
polymer molecule is less than the volume per polymer 
molecule and is obtained by the ratio of the diagram 
composed of m + 1 polymers to that of m polymers in eq 
11.34, and (ii) (nb2)3/2p > 1, which means that the volume 
of a polymer molecule is larger than the volume per 
molecule. Furthermore, for the validiQ of expression II.41, 
the second term must be smaller than 1 (Le., (iii) 1 > 
(n2u/2)p); from (ii) and (iii), we show that the excluded 
volume parameter 2 ,  defined by eq V.20 and V.21, is 
smaller than 1 and furthermore that the third term of eq 
11.41 is smaller than the second term; this guarantees the 
approximation adopted here. 

Appendix A. Effective f Function 
To see the screening effect of the interaction with other 

polymers more closely, we calculate the effective f function, 
f, by summing series diagrams as shown in Figure 18. The 
effective f function is given by 

m 

f(r - r') = -ud(r - r') + C fm(r - r') (A.l) 
m = l  

where 

In a similar way as we did in the calculation of &, we 
obtain 

fm(r - r') = (-U)m+lpm-Ze-iP(r-r)(uo(q))m (A.3) 
1 
V q  

Substitution of eq A.3 into eq A.l yields 
UK: 

f(r - r') = -us(r - r') + e-QlPr'l (A.4) 
4r(r - r'l 

This equation clearly shows the screening effect with the 
screening length ~dl .  After certain renormalization the 
screening length has been shown to be in good agreement 
with the neutron scattering experiment.* 

Appendix B. Proof of the Equality (V.22) 
In this appendix we prove the equality 

where a"(q) and G1(O,n) are defined by 
a"(q) f a q q )  + a q q )  + a q q )  + a'd'(q) + 

&"(q) + a(o(q) (B.4) 

G1(0,n) = C(fO(1))l (B.5) 

respectively. We can obtain the same result as eq B.3 for 
each case of C...C(fo(i)f,),,, (i = 2, ..., m). Multiplying 
eq B.3 by this number of ways, ,,,C1, we find that the 
equality B.l is satisfied in the case where 1 = 1. 

2. Case Where I Is an Arbitrary Integer (2 I I I m ). 
We will show that the equality (B.l) is satisfied under the 
assumption that this equality is valid up to the case where 
1 is equal to 1 - 1. The cumulant expansion of the moment 
of multivariables is given by the following formula: 

and 
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k = l  

1 I-k 

C 1Ck i-k Cp (-1 ) '-k-p{ (O,n) ao(q) J'-p( a "(q))P] (B.9) 

Changing the order of the summations from Ek=,ct;=", to 
~ ~ ~ o ~ ~ - L ' l  and making use of the equality 

1-P 
E lCk 1+Cp(-1)'-k = -&(-l)l 

k = l  

k=l p=o 

(B.lO) 

we obtain 

Multiplying eq B . l l  by the number of ways selecting 1 

molecules out of m molecules, "C1, gives the right-hand side 
of eq B.1. 

With the cases 1 and 2 we have proved the equality B.l. 
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ABSTRACT A previously developed theory of fractionation of flexible homopolymers by gradient elution 
high-performance liquid chromatography (HPLC) is extended to include intermolecular polymer-polymer 
interactions and hence be applicable to polymer solutions of finite concentration. The analysis predicts that 
in favorable mobile-phase solvent environments, the retention time or capacity factor should increase with 
polymer loading. The theory also suggesta the potential utilization of HPLC to obtain osmotic second virial 
coefficients and hence average molecular volumes of flexible polymer molecules in dilute solution. Also briefly 
considered is the possibility of verification by HPLC of the osmotic pressure equation of state in semidilute 
polymer solutions where scaling concepts are applicable. Chromatographic measurements of osmotic second 
virial coefficients are expected to become more difficult as the degree of polymerization increases, and equation 
of state measurements in semidilute solutions would require careful operational selection of the mobile-phase 
composition to achieve low polymer retention at relatively high loading of polymeric solute. 

I. Introduction 
The transition between infinitely dilute solutions of 

isolated flexible polymer molecules to semidilute solutions 
where different polymer molecules begin to interpenetrate 
substantially occurs in good solventa for a volume fraction 
of chain monomers given by @ - M4.s, where M is the 
degree of po1ymerization.l Thus departures from infinite 
dilution can be anticipated for small values of @ when M 
is large (e.g., when lo3 I M I  lo5, 4 X 1 @ 1 1 X lo4). 
High-performance liquid chromatography (HPLC) has 
been successfully applied to the reversed-phase fraction- 
ation of polystyrene homopolymers using gradient elution 
with mixed methylene chloride-methanol mobile phases,2 
and a theoretical interpretation of the separation process 
has been introduced on the basis of assumption of infinite 
dilution of polymer s01ute.~ Preliminary HPLC mea- 
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surements of the retention time of polystyrene homo- 
polymers distributed between a chemically bonded C-18 
stationary phase and a methylene chloride-methanol 
mixed mobile phase indicate that the retention increases 
with the amount of polymer loaded into the ~ o l u m n . ~  The 
polystyrene samples had M values in the range 600 I M 
I 8600 and, assuming a molar volume for styrene mono- 
mers of 125 cm3/mol, @ values in the range 3 X < @ 
< 3 x Thus for the higher polymer loadings @ > 
M4.8, which indicates these samples were semidilute. The 
purpose of the present analysis is to extend a recent theory 
of HPLC homopolymer fractionation3 to include inter- 
molecular polymer-polymer interactions. 

In section I1 we apply the McMillan-Mayer the0ry3.~ to 
dilute (but not infinitely dilute) polymer solutions and 
scaling theory' to semidilute polymer solutions to derive 
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